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PREFACE 


In the picpaiation of this monogiaph, Eleclricity and 
MagnetUm, deductive methods have been used as far as 
possible In gcneial, the appeal is made to leason, though 
in some cases cxpeiimental lesults have to be used as 
authoi itative ; then thcie aie sweeping generalizations 
which cannot be avoided. Thus the book is rigoious, 

I hope, in that what is done is cleaily stated. 

Vcctoi methods aic used exclusively, with the excep- 
tion of that poition of the last chaptei which tieats of 
special lelativity and its application to clectiical theory. 
Even hcie, vector methods bung out the lesults much raoie 
shaiply; but this would icquiie the development of a 
foul -dimensional vector analysis which would seem 
unncccssaiy and undcsitable heie Couiscs in vector 
analy.sis aie given in most of oui univeisities, in fact, in 
some of oui Eastern technical schools, it is a lequired 
com sc foi the undcigiaduate clectiical cngineci , so the 
inti eduction gives only a biief i6sum6 of the elements with 
the piincipal thcoicms foi icady icfeicnce. 

This book should appeal to a vciy select class of readers, 
the physicist, the mathematician, and the clectiical engineer 
who wish to oiicnt themselves quickly in elect! ical theory. 
For students with vcctoi analysis as a preicquislte, this 
book .should fuinlsh a thiec-hoiu couisc foi one semester. 
Without the piciequisite, it piobably would lequirc thiee 
horns thioughout the yeai. In this case, lectin es, reading 
assignments on the text, and a development of the vector 
analysis when needed could be one method of procedure. 
The book could be used foi a course m vcctoi analysis with 
applications; it should be inspiiing foi the student under 
competent guidance to woilc out the details of the intro- 
ductoiy chapter. 
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PREFACE 


In general, the professional electrical engineer is grad- 
uated without being able to read electrical theoiy. This 
is a deplorable situation, the theory of electiicity ceitainly 
should not be a closed book to the good electiical engineer. 
It would seem feasible to conect this state of alTalis by a 
one-hour course through the year foi juiiioi and senioi 
electrical students; this course might consist of a one- 
hour informal lecture on the text and one hout foi piobleras 
and discussions, with no further inquired outside woik, 
This would not cover the material in the text, but enough 
could be done to arouse an interest and fuinish the picpaia- 
tion for subsequent individual study, The pioblems at 
the end of the first four chapters aie not at all difficult, 
but they are illustrative, then purpose is primarily to 
arouse a critical attitude towards the text. 


Maxwell, in his theory, prophesied the discovciy of 
electromagnetic waves, the prophecy was confiimed by 
Hertz in his own laboratory One occasionally hears it 
stated that there is no ether and there are no waves. 
This may be just a matter of definition oi terminology. 
All the ether has to do to qualify is to suppoit elcctio- 
magnetic phenomena; if empty space does this, we still 
have the ether identified with empty space. The ether is 
useful in describing electromagnetic phenomena, and it 
furnishes a useful mechanical language, this is enough to 
hypothesis Waves are not going out of style; 
he de Broglie suggestion that waves accompany and govern 
every moving particle is the point of view of modern 
quantum mechanical theory, while light phenomena point 
conclusively to the dual property of a corpuscular wave 
c aracter with the same de Broglie significance. Then 
Zt? disturbance in free space is a periodic 

^uaPor" 


that the classical method is directly in aLTS'modern 
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physical ideas. The Amp^ite-Maxwell point of view is to 
mcoipoialc Into the theory obseivable ineasutable quan- 
tities, and this is the Heisenbeig-Schrodingei-Diiac view- 
point This is piobably one leason why classical elec- 
tiodynaniics has peisistcd undei the bauage of modern 
physics. In the thcoiy of the nature of magnetism, 
physicists aie looking at the atom inicioscopically, and 
some moie oi less satlsfactoiy theoiics have evolved. 
No attempt has been made heie to ticat this subject, the 
natuie of the book would hatdiy permit it. This mono- 
giaph is in no way intended as a tieatise, but lathei as a 
-path through the subject of electiical thcoiy. Accoiding 
to the obsei valion of one of the lefeices, it should be a “ big 
timc-savei .” 

In the picpaiation of the iiianiisciipt, it has been 
nccessaiy to consult many books and even many oiiginal 
papers, an adequate, though incomplete, bibliogiaphy is 
appencied. I am, of com sc, indebted to many woikeis, 
piobably to Maxwell most of all. I take this oppoitunity 
to express my appicciation to Ptofessor G. Y. Ralnisch, 
who lead a laige paiL of the manusciipt, foi his suggestion 
that I icwiite the portion on special lelativity, which I did 
with considciablc .self-satisfaction and to Piofessor W. W. 
Denton, who has carefully read all the pi oofs. 

Vincent C. Poor. 


Feb 19, 1931 
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ELECTRICITY AND MAGNETISM 

INTRODUCTION 
VECTOR ANALYSIS 


1, Vector Algebra. — In the clectioinagnetic theory two 
kinds of quantities arise scalais, which aie known to the 
student of algebra, and vcctois. The vcctoi is a geo- 
metiic line having magnitude, diiection, and sense. Cer- 
tain physical quantities ausing will be iiiterpieted as 
vectors, so for these quantities the following analysis will 
be applicable Claicndon type will be used foi vectors, 
and othei notations cm lent in the United Slates will be 
introduced as needed. 

From the parallelogi am law we may obtain the com- 
mutative and associative laws for vectois 


fl -j- b = h “t* 

(fl + b) + c = a + (b + c)- 


( 1 ) 


We also define two kinds of pioducts, the scalar product 
and the vectoi pioduct, lespcctively, by the equations* 


and 


a b = |aj |b| cos (a, b) 
a X b = ||a ibj sin (a, b)n 


( 2 ) 


where n is a unit vectoi peipendicular to the vectors a 
and b so chosen that n, a and b in this cyclic oidei foiin a 
right-handed set. Thus the dot oi the cross placed between 
two vcctois indicates, respectively, the scalar or the vector 
product of those vectors, 

If we introduce a rectangular coordinate system so 
chosen that i,j, k form a light-handed set of unit vectors 
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along o-v:, oy, and oz, and if the notation a*, a^, a*, be used 
for the projections of the vectoi a on the vectois t, j, k, 
respectively, then 

Q = dy j -{■ aji 

d'b = aj}x + ajiy + djbj 

and ( 3 ) 

0 X h = ctj)y')t -f- 

{aj)x ~ aJ},)j + {aj)y - aj)^k 

which may be easily verified fiom the definitions (2) Also 
from these definitions the following distiibutive and com- 
mutative laws may be deduced. 

ab-\-ac 

flX(& + c) = oXb + oXc 
a b = b a 
aX b b X a 

The scalar and vector tuple pioducts and also the 
scalar quadruple products aie meie applications ol (2) 
and (4) , they are, respectively, 

aXbc = abXc=-bXa'C, etc. 

{a X b) X c = a cb ~ b ca (S) 

{a Xb) (c X d) = (a c){b d) ~ (b-c)(a d) I 

The first of (5) is the volume of the parallelepiped formed 
by the three vectors 

One other important algebraic form expresses the fact 
that every vector d may be expressed Imeaily in terms of 
three arbitrary noncomplanar vectors, explicitly, 

(a X 6 c)d = (6 X c-d)o + (c X a d)b + (c X b-d)c 
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VECTOR CALCULUS 

2. The Differential. — In the study of scalar and 
vectoi point functions oi functions of a paiametei, the 
vectoi calculus natiually auses The differential of a 
function, scalar oi vector, may be given by the definition: 

df = t™*'; /(' + Ml) -M_ (6) 

If < is a scalai paiamctci , a division by dt gives the oiclinaiy 
dlfleiential quotient of the function. If t is the point P 
01 the ladius vectoi r the same definition furnishes the 
differential of the function. If we wi ite 

r = P - O 

wheie the point 0 is an aibitiaiily chosen oiigin, then by 
dP we mean an aibitiaiy displacement of the point P, 
a vectoi, so that 

Af = Limit (P - O) -h hdP ~{P ~0) ^ 

A 0 h 


follows duectly fiom oiii definition Refcired to lecl- 
angulai caitesian cooidinatcs, since r = xi yj zk 

dr — dP — dxi H- dyj -|- dzk. ( 7 ) 


We will use indisci iminatcly dr, dP, SP, or some such 
symbol, to mean the aibitiaiy displacement of a point 
From the above impoilant definition the following 
theorems may easily be piovcd 


(a) dcu = cdu 

(b) d(l)U = <t)du -h ud4> 

(c) d{u + u + ui) — du + dv + dw 

(d) d{u • y) = u du + i; 

(e) d{uX v) - uX dv (du) X v. 


( 8 ) 
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Greek letters will be used, in geneial, as scalar functions, 
as m (8b), 

Certain indefinite integration foimulae may be directly 
deduced from these, among which 

ju du=:~ + c ( 9 ) 

is probably the most fiequently used 

3. Flux and Flow, — ^There aie two definite integrals 
which are of fundamental importance The flux integral 

fu nda 


where u is a vector point function and n is a unit vector 
normal to the surface element do". Since is the pio- 
jection of the vector u on the normal to the suifacc ele- 
ment, it is a scalar, so the integral is an ordinal y surface 
integral taken over the surface o*. This integral is fre- 
quently referred to as the flux of the vector u thiough the 
surface If xi is the velocity of a liquid, the flux integral 
furnishes the quantity of liquid crossing the suifacc per 
unit time if the density is unity. In our cooidinatc system 
the vector 


so that 


dan ~ dydzi + dzdxj + dxdyk 
Ju-ndff =j'ujydz -^jii^zdx + /“ id'^dy , 


or the flux integral breaks up into the sum of three integrals 
taken over the projected areas in the coordinate planes. 
The flow integral 



where the displacement dx is taken along the curve c, is a 
line integral along a curve. If coordinates are introduced 
it Is reducible to three line integrals along the coordinate 
axes, or 


+ Uydy + u^dz. 
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H the vcctoi u defines a field of force, the flow integral Is 
then the work done by the force in moving a mass along 
the cuive. If the cuiwe c is a closed contour the flow 
integral is called the cu dilation 

These integials, of couise, imply ceitain integrability 
conditions on the functions, and lestiictions on the surface 
<r and the ciiive c 

4, Grad <i>} div u, curl u. — ^The gradient of a scalar point 
function 4> may be defined by the equation 

d<p = glad <t> dr (10) 

and since 

d4> = ^dx + ^dy + ^dz 
dv dy dz 


grad ^ = 


+ % + 
dv a/ ^ 



Thus grad 0 is a vectoi normal to the equipotential surface 
= c. Its modulus is the squaie loot of the sum of the 
squares of the paitial deiivatives of <^, If the “ nabla” 
opeiatoi 


_ 5,1 5 . I 5 , 


bo introduced, we may wiite symbolically 


giad (t> = ^ij> 


The divergence of a vectoi, u, written div u, may be 
defined by the equation 


T . .^ ( u nda 
Limit J 

T — > 0 T 


div u. 


( 11 ) 


The numeratoi is the flux integial ovei the closed surface tr 
bounding the legion r, the suiface is conti acted about a 
point P in t, giving in the limit the divergence of the vector 
u at the point P, Out of the definition (11) Gauss’s 
theorem, the flux divergence theorem follows* 
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IN lUtilM t IliiN 


In f.u'l lilt* <l«'liinitnn 11 ill I" l>'"l‘'’l -• Ilf 

applu .Hit'll t'l ii.tii-*’- 'I"""" 

When (li) .i|'l'li"l ‘"•""'I ’ 

ouL in till’ niiutliti.ilt i.nm 


oi usiiifi till' n.ilil.i 

tli\ u * V 11 

If 0 is ri rnnit'iii IhhuhIiiu' -i ml i” "• ‘"“1 'I '» ' * il» 

iuuLJmiin.il it'tr.ii a /'"I 'l‘"‘ •>"' 

wiili* llu’ lii'liiiiiiK ii|ii.ili"n 


I.imil ,/h 

If •(! ir 


wliprc R uiuliM'^lniMl i\u\i in |m |h iIh InuU tin 
contour 0 in t'onlrui ttil mvh (Ih llir |»inn' 

P, 'rhc vc<tiJi W In n ilHinnl ii tin nn onnitl »M miiIm 
ihc vccloi lii willtni iinfu Hn^ «tiiUiiUi«ni nl ** fin 
olcnuMiUuy fonn of sinki / ilnim m 

j u tfr j Mil I u fij/it 1 1 1 

wliidi inny 111' fliii'f ilv tl'tlm Ml. 1 * i m.hhiimu* 

callc'tl the flnw' mil tliMticiii. H . iln ril.iHwii ili.t 

tilt' fUiN Ilf nirl u ilir(tu«li clir .imI.ki « i !.• ilir ll.n 

of u ftrottnd its ItmiiiiKuy. II ( 1 1 » i . .ijii.lii «l i«» iln luuilUl 
ogiani (/x(/y til /', llif pr»*ii'i ii«'n <'ii 


t Mil u ft 


•In, 

lit 




will icmill. ‘riic olhiT loiupctiH iii’t «'i ii«»ii > m4> I 
oLilaiiiftl in ii *tiniil.ir way; h«’ iimv ilm* wri«* 

curl U - f''"'* - i I ( 

“ V (Iv t»j3 / ’ W7s m M ti.% Hy J 


or in lerma of tin* iial»!#i 

fiirl M X u. 
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AssnciaU'd with t'v<My si.iKu licld llu‘i(‘ Is a tk-iivcd 
vcrtoi (u'ld, Llu’ k><idu‘uL of ihc' sr.iKu (loint fiuKtioii. 
Assot iiitcd with vccloi Iudd Llu‘u> uic two (k'livi'd 

fields, lh<' s<a(.ii (udd <if the divi'ikenei* of the vecLot, tiiicl 
the ve( (oi field, the i ml of the v<‘( toi. 

By usiiif* (ooidinali'H, the n.ilila opeuUoi, oi wmic othei 
hdieine, the tollowiiik <d themems nuiy lii' pioved; 


Kiad < 0 1 

ili\' a 0 

I'uiln 0 

wheie ( and a ai<‘ constants; 

kiiid ((/) -I glad (/> d gia<l ^ 

div (u d ti) 
cut I (u d- y) 
glad t(l) 


div < w 
cm I < u 
((f) div iJ)U 
(b) (lllh/iU 


- div u d div V 
~ ciiil u d' cuil y 
" ' f guui f/» 

< <liv u 
^ < cuii u 

' V> div u 
e^j ij> cm 1 u 


U'giad 0 

u X gtiul 0 


(c) div u X y y*cmd u — u-cmd y. 


(15) 


(1C>) 


07) 


S. Green’s Theorem. By HuIiHtiluling 0 giad if) for u 
in {'rauss’H tlieouMU (12), we will olitaiii Lliu liisL foan of 
C/j eon's Iheoicm 


jf0A0(/r — J 0giad 0-m/(r — J guid 0'gi'atf 0rfr (18) 

wlicrp llio Bynihol, A ■ ■ div grad whicli aho may he wiitton 
ns 


VV 


ay ■'" Iw' 


tile Laplatdan fipeiaior, d'he Hcconci f<irm of Ckcon’s 
thcotem may iie deduced fioni tlio (nsl Ijy in Lc: changing 
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<l> and ^ In (l«) and snliliarliiiK lli'* "'“nl' • •“ 

final u'suIl i'l 

Tlu'so thenicms of (iai^s, Slokf. imd ('.mni, atr ■•oim "f 
the oiiUlandiiiK ihcou'iiis o( analva*- 

6. The Oporalor Wo ^liall lia\i' ouiifion ii* n i- 

Llio oporaLor , , 

A' t glad div “ nnl rinl (/‘d 


which opcinU'S on vccIoh and cvidcnilv oIh*^ . iln* dhaidi 
ulivc law of ulKcliia. In lonmuiion witli ihiN o|»iali>i 
Lhiao arlac'H the fundanicnlal ilu-on nr 


A'(</.(i) (AiMfl '-'ll 


The alwolulc Ki’oincl I ic pioof of lln*i ihtonan Ik \ond 
the Hcopc of the clcnii'nls of vccioi iinalv*i'<> luii tho 
thcoi'cm may lie eu^^ily demonhiiaud li\ irffoiiinj; fo 
cooidinaU's, If one wiites on( lln* ilnhl nieiniHa of 
in icctangiilar cooidhuiteH, one will oliiain lln laiiihnian 
opoialor, which h the eooidinale foini foi A. 'I Inis one 
may keep oi diop the Hupeiheii|il ad lilalum, Oi If llu m 
axis is taken paiallel to a, whiili \eeioi innv In* taken a-* a 
unit vector without alTecting (he Keiieriility of (ill, (Inn 
thcoieni 

A (ijil) (Al/l)/ (iil 

will come out diieclly in eooidinale form if one will lake 
the tiouble to write out the left nienilier of ilun lanl eiiua- 
tion. 



CHAPTER I 


ELECTROSTATICS 

1, Introductory. — ^The subject of physics has been 
revolutionized duiing the past twenty-five years. New- 
tonian mechanics has become a first appioximation in the 
light of the Einstein Relativity Theoiy, This is also tiue 
of classical electioclynamics 

Though we still liy to inteipiet electiicity and electiical 
phenomena in a mechanical way hypotlieses of “quanta” 
have entered clectrodynamic theory thiough radiation 
phenomena, which are elcctiomagnetic in chai actor. The 
“one fluid” and the “two fluid” theoiics of electiicity 
have been supplanted by the atomistic theoiy Even the 
“field” theoiy of Faiaday and Maxwell which displaced 
the “action at a distance” theoiy has ceased to be so 
important. In fact, physicists aie investigating now the 
1 elation of electiicity to mattei instead of properties of 
electiicity as foimeily. 

Physical cxpciimcnts of icccnt years point conclusively 
to the fact that electiicity is atomistic In stiuctmc. The 
election, a negatively chaiged coipusclc, of which all 
othei chaiges aic integial multiples, has been isolated and 
its chaigc detei mined. The election is believed to be a 
puiely elcctionic chaige possessing incitia, but entirely 
dissociated fiom mattci. Its mass at rest is roughly onc- 
cightcen hundiedth that of the hydiogen atom, the light- 
est known atom. Stiangc to say, this mass, which we 
shall tcim its electromagnetic mass, is a function of its 
velocity and inci cases without limit as its velocity 
approaches the velocity of light 

On the other hand, the positively charged particle is 
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atomistic in size and its charge has nevei been clissociaLcd 
from matter, its mass is many times that of the election. 
We will adopt the term proton foi the paiticic atomistic in 
size which carries a positive charge equal to the chaigc on 
the electron, to single it out from the ton which may be a 
positively or a negatively chaiged atom, group of atoms 
or molecules 

The cathode rays, the canal rays and the rays emitted by 
radioactive substances like uianium and ladium aie in 
general electrically charged particles called a and /3 pai- 
ticles. The former, constituting the canal rays, ai e thi ough 
spectroscopy known to be helium atoms each cai lying a 
positive charge 2 e where -e is the chaige on the election. 
The j 3 and 7 rays constitute the cathode rays; the /3 
particles are electrons while the 7 rays arc ether waves. 
The velocities with which the pai tides aie ejected by some 
of the radioactive substances and the extremely slow 
chemical change in the substance indicate an enoimous 
amount of energy stored up in the atom. The velocities 
of the more ponderable a pai tides aie 1 datively small 
when compared with the velocities of the electi ons, which 
in some cases move with velocities approaching that of 
light 

The results of electrolysis, the phenoniena of radio- 
activity and spectroscopic analysis point to the conclu- 
sion that the atoms of all matter are each made up of a 
ponderable proton or positively chaigcd nucleus, aiound 
which in their respective orbits move a suflident numbci 
of electrons to make the atom electrically neutral. Using 
the Rutherford atom which pictures the atom as such a 
planetary system, Niels Bohr has constructed a periodic 
table of the ninety odd elements. The numbet of 
natural unit charges, e, on the nucleus is just equal to the 
number of the element in the periodic table. This number 
is called the "atomic number” of the element. The first 
element is hydrogen, with a single unit charge, e, on the 
nucleus and one electron, the second is helium with a 
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chaige, 2e, on the iiuclcu&, and in its noimal state with two 
elections foiming its planetaiy system. Each element has 
a chaiacteustic Rdntgen oi X-iay spectium which dis- 
tinguishes it fiom the othci elements. 

2. The Distribution of Electric Charge. — It may be 
convenient at times to considei an electilc chaige as a 
point chaige, just as in mechanics we use the idea of a 
mass point. This point chaige may include many elec- 
tions and protons or just a single election. On the other 
hand, we may wish to chaiacteiizc the distiibution of the 
clcctionic chaige; we might then conceive the election as 
occupying a small volume with clcctiic volume density p, 
a continuous point function of the icgion occupied by the 
electron. The total chaige e would then be given by the 
integial 



taken thioughout the volume of the election. To avoid 
discontinuities, we might assume a tiansition layer at the 
surface whcie p decreases lapidly to zcio; the electric 
chaige would thus appeal only as a modification of the 
ether, a substance which we will chaiacteiize only as per- 
vading all space and capable of suppoiting electiic phe- 
nomena. 

Had wc considered the clcctionic chaige to be dis- 
tiibuted over the suiface of the electron with surface 
density w then the integial 



extended ovci the surface of the election would fiunish the 
chaige, the volume density p being zero in the interioi 
would imply the existence of ether, oi as we may term it, 
fice space in the inteiioi of the electron. 

In electro-statics, we shall use the Idea of the discreet 
charge and frequently we shall resort to the idea of a con- 
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ttnuous distribution of chaige, leplacing the actual clectiic 
density by its average value Because of the coaiscness 
of our measuring instiuments, the effects of laigc numbeis 
of ions only are measiiiable 

To atiive at the idea of avciage values, we divide a 
region up into elements, macioscopically small, so small 
that the distribution of chaige as measuied by any measui- 
ing instrument would appear unifoim, then the aveiage 
value f of eveiy function / ovei the legion r is defined by 
the equation 



/ being a scalar or vectoi point function. 
The average density p then becomes 



where p is the variable density of electiilication, being 
zero in free space as previously noted. If N is the number 
of positive unit chaiges e in r and n the numbei of clecti ons 
this definition gives 

- _ (N ~ n)e 
P “ — . 

T 

For matter in its normal state N - n so that p is zcio 
for ordinary matter. We shall use p foi the avciage 
density unless there is ambiguity, then we shall use p 
3. Priestley’s Law . — We have discriminated between 
two kinds of electricity by positive and negative signs. 
This distinction is not just a mattei of sign, but as has been 
noted, it is qualitative as well. 

It has been known for a long time that electiification 
can be produced by friction, possibly by i ubbing an ebonite 
rod with a woolen cloth Equal amounts of each kind of 

K / were a function of the time and dr a time interval, this equation 
would serve qs defiiution for time averages# 
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electi icily will be piodiiced, a positive charge on the cloth 
and a negative chaige on the ebonite rod 

That like chaigcs icpel and unlike chaiges attiact each 
othci is a fact dctci mined by a vciy simple cxpciinient 
Experiments also point to the conclusion that this force 
mutually excited by cliaigcd bodies on each othci is a 
Newtonian foicc. To foimulatc the law exactly, we conceive 
of two point chaigcs qi and <7 at a distance r apait then: 

The force acts m the line joimng the particles with a 
magnitude proportional to the pioduct of the charges and the 
inverse squaie of their distance apart. 

This is Piicstlcy’s law if named foi its fiist discoverer.* 
If we wiitc F for the foicc excited by qi on q we may 
formulate the law mathematically by the equation 


_Aqiq r 


( 3 . 1 ) 


wheie - is a un it vectoi lying in the line j oin ing the chaigcs 

and dhcctcd away fiom the chaige 21 ; the piopoitionality 
factoi , A , depends on the units in tci ms of which F, r, 31 
and 2 aic moasuicd. The law as formulated makes the 
lepulsivc foicc positive and the attiactive foicc negative; 
the sense is taken caie of automatically by the signs of the 
chaigcs. The foicc, F, so chosen has llie diicction and 
sense in which a positive chaige will be diivcn. 

The chaigcs, 21 and q, arc made up of clcctionic charges 
±e. If Ni and iVaic the numhci of positive unit chaiges, 
e, and Mi and n the number of clccbons in 21 and 2> icspcc- 
tively, then 

Qiq _ {N\ — )ii){N — 


N\N H- Hill — Nyn —n\N , 
r^ 

* WhiLlalvCi ‘'Ilistoi y of llic Thcoiy of the Etlict and Electricity/^ 1910, 
pp 50, S(5t 0 W, Ricluirifeon. "The EIcCrtron Tlieoiy of Matter/* 1914, 
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We see that the lesultant force is duo to the mutual 
repulsions of Ni and N positive unit chaiges ni and n 
electrons and the mutual atti actions of Ni and n, and Hi 
and N oppositely charged unit pai tides, as we should 
expect 

For a system of n point chaiges Piiestley’s law takes 
the form 


F 


t= i 




ti 

n 


n being the distance from the chaige q^i to the chaigc g. 
The force F is the lesultant of the forces due to the v 
charges acting on g For a distribution of charge witli 
continuous volume density p, an exact foimulation of this 
law may be made through the fundamental law of the 
integral calculus 

4 The Common Electrostatic Unit Charge, — Besides 
the natural unit charge carried by the election we will 
adopt a common electrostatic unit chaige to vsimplify 
some of the formulae If the centimeter is taken as unit 
length and the dyne as unit force, then we may define unit 
charge as that charge wkteh repels a like charge at anti 
distance %n vacuo with a force of 1 dyne. The system of 
units based on this definition of unit charge is the Common 
Electrostatic Sysienty abbreviated (c, e, s,) , unless otherwise 
stated, we shall use this system* The rational electio- 
static system which is sometimes used defines the unit 
charge m a similar way, but the like charges to be unit 

charges must repel with a force equal to ^ dynes. 

In our chosen system, Priestley’s law for free space 
becomes 


r 


( 4 . 1 ) 


for the charge qi, acting on the charge q. 



Iltl I I I ( IKK I II I 1) INI] NSIIY IT) 

5. The Electric Field Iiitenaity. If F is Ihe fouc 
.u liiiK <Hi .1 rli.um', (/, a( a pnini, /’, tin- isiuatioii 

F <lE (5.1) 

tl<‘rini's a iK'w vts'lfir, E, a fain* iiiicnsity soiiKdinios (.ilh’tl 
llu‘ ticilru lorn', voltunly, bill mil'll piopi'ily calli'd llu' 
rh'il/ii mlniMlv, ll has llic diifitum and simse of (lu* 
Vfiloi F 'I 111' iiili'iiMlv li lii'inn toiri' poi uiiil duuf>(' is 
iiidi'|ti'iittt‘iil 111 iht* iliaini' »/, bill (if|)(Mi(Is on ihi' [losiliou 
of ihi* poiiil and llu* di'^uibiilioii of cits liilKation. b'nr 
llu' puiiil i li.UK<* I/I, fi|iialton ( I 1) loi fico space nivoB 



1 iciil Ilf till Muiriiii I "III <if ll'f I'liilini- 

1 11. I 


an the inli'iisiiy .ii llu* point l\ If the rliiuKo yi i;< an 
ch'Clron, llio lii'ld of llu- \filoi E will bo .i ladiiil iiokl, 
with lilt* st'iisi" of till' \ 01 loi E nlwiiys towurds Lho oloilion. 
If f/i is It pillion. Ilio lii'ld of llio InlonsiLy will aRuin ho a 
radial hold. 'I lu* \ortoi' linos of lho vortor E, Llio linon of 
okrlric iiilonsily, will bo llio li.ilf rays diiootofl away fiom 
llio pioloii (KIk. I). Iloio, as always, Lho poBitivc 
Koiiflo of Lho inlonslly E, liko IhaL of lho fotro F, ia ihc 
HoiiHo in tvhiili u [losiiioo t'liaigo wouki bo tltivon. 
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The Hues of intensity are In general not so simple, they 
inay be any whatever, depending on the distiibution of 
electrification. Whatevet this distiibution of chaigc, equa- 
tion (S.l) defines an electiic intensity, which chaiactcu- 
izes the force F in such a way that if a chaige q be bioughl 
into the field without distuibing the field, the foicc F will 
be given by equation (S.l) If we draw the totality of 
vector lines of the vector E thiough the boundaiy of tlio 
surface element d(T^ we will obtain an elemental y tube of 
intensity; the intensity E is tangent at eveiy point of the 
lateral suifacc The whole field of intensity may be 
mapped out by such tubes. 

Sill rounding every electiic charge, thcic is a peculiar 
condition characterized by the vcctoi oi the lines of 
intensity It is difficult to conceive of a change in state 
of empty space hence the ethei hypothesis We may 
then make the concept concrete as a stiained state of the 
ether surrounding the charge Piiestley^s law fiunishes 
the basis for the ** action at a distance hypothesis, but 
most people, like Faraday, prefer the ether hypothesis for 
interpi elation purposes 

6. The Electrostatic Potential is a scalar point fiinc*- 
tion, the negative gradient of which is the electric inlcnsily 
E ^ This potential function, which we designate by 0, 
evidently depends on the disti Ibiition of charge. Wc shall 
show that for the point charge in free space, 



r being the distance from the point where qi is situated, 
to some arbitrary point P.* The equipotential or level 
surfaces 


^ — c 

* In rectangular cartesian coordinates 


r =\/(*i ~ *)» + (y, - y)!> + -- j,)ii 
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are concciiLiic bphcics with ccnteis at the point Afi, the 
normal dciivativc will thus be the denvative in the r 
direction, oi 


— gtaci 4 > = — 


~ ilV = ^ 

fir r )r r 


( 6 . 1 ) 


which agrees with equation (5 2) , thus ^ satisfies the above 
dcrmltion foi a potential function 
The function 

=j + c 


would have seivcd just as well, since its negative giadient 
also gives the intensity E. But by assigning a paiticulai 
value to the constant c, any whatevci , then and only then, 
can Avc speak of the potential at a point. We have chosen 
c so that the potential <f> vanishes at infinity; this makes c 

identically zeio, and <l> =‘ y the Newtonian potential 
function. 

Foi two point chaiges, 171 and 32, situated at points Mi 
and M2, lespectively, at distances n and I2 fiom the point 
F, tlic potential at the point P will be the sum of the poten- 
tials of each chaige taken scpaiately, 01 

0 = 0<i) -(- -f. 25 

U r2 


This follows fioni the fact that the sum of the intensities 
.El and E2 at the point F, due to the chaiges gi and 32, 
1 espcctively, is the lesultant intensity E, and that the 
giadient of a sum is the sum of the giadicnts; thus 

“glad <{) = — giad — giad 

which is identically 

E = El + E2 

the level sui faces 

= Cl, = C2 

being again concentiic sphcies, centeis il^i and M2, respec- 
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tively. Since this same aigunient applies to n point 
charges, we have foi llie potential at some point, P, clue 
to the n chaiges 




n being the distance fiom the point P to the point M„ 
wlietc the point charge is situated 

It may be obseived that this lesult and the aigument is 
true whatevei the law of force 

For a distribution of chaige with a continuous volume 
ensity p, we replace qt by and pass to the limit 
Avhicli, according to the fundamental law of the integial 
calculus, gives 


4, = 



( 6 . 2 ) 


The negative gradient of this function is the electric 
intensity E due to the continuous distiibution of charge, 
since the equation 

E = ~ grad ^ (6.3) 

hol^ when 4 is detei mined by n elements whatever the n 
I he g^eneral form will evidently be 


( 6 . 4 ) 

if a surface distribution of charge be included. The dis- 
tance r from the element dr at a point M to the point P is 
a tunction of the two points M and P Since M is the 
point of integration the potential 4 > depends on the dis- 

P alonr function of the point 

The surface density is not just a mathematical fiction; 
but It IS the density of a real continuous suiface distiibu- 
tion of^ electricity, as far as can be determined by our 
measuring instruments. To define it more carefully as 
Maxwell does, we assume a stratum or surface layer of 
electric volume density p, thickness v, then let p increase 
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without limit as V appi caches 7cio in such a way that the 
pioduct vp lemains finite The limit of vp as v appioachob 
/eio IS the suiface density, w 

Foi points P exlciioi to tlie charged body, the potential 
and all of its dciivatives aic continuous single valued 
functions of the point P But foi points inteiioi to the 
volume disLiibution of clcctrilication, the integrand of the 

integial, becomes infinite to the fiist degree when 

the point of intcgiation coincides with the point P, yet 
this integial, its giadient, and the divcigence of its giadient 
aie convcigcnt intcgials at such points. 

The last and least likely case is tieated in Ait. 11, where 
it is shown that 


A(j> — — 47rp. 


Thus A<l> is discontinuous where p is discontinuous. 

To piovc the convcigoncc of ^ at a point P of the 
chaiged medium, we divide r into ti and to, where ro is the 
volume of a small sphcie, laditis, a, center at P. Then 


J " pdr ^ f'pi/r , r pAr 
r r X r' r ' 


The integial ovci n and its giadient aie evidently con- 
veigcnt, since the point M of integration never coincides 
with the point P. In the integral ovci ro wo take the 
volume clement dr, equal to ^irrHr. This integial then 
becomes 

47r I prdr 

,/o 

and it is a pioper integial. Hence 0 is a convcigcnt 
integral. The pi oof that giad <t> is, convcigcnt integial 
will be left as an exei cisc. 

If wc use r foi the ladius vccLoi, and the dot (•) to 
indicate the scalat pioduct of two vectors, then from the 
equation 


d<l> <= glad <f>‘dr 
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which defines grad 4>, we can obtain another form for the 
electric potential function <f>. Since E = - grad d> we 
Will have 

- j E dr = f glad 4> dr = Cd<l) 

~ <t>o — — f E dr 

Jpa 

where the mtegration is to be taken along some path fiom 

!i lesult we see 

that the line integral is independent of the path of integia- 

tion; It depends on the terminal points only; it is thcic- 
fore a scalar point function. This line mtegial is called 
the electromoUve force, or for static fields, the voltage, 
difference of potential, or the fall of potential between the 
points P and Po. To completely identify the function </>, 
we may impose the condition that it vanish at infinity 

vnn?2' <f>0 then 

vanishes and we have 




n P The potential at Po, 

some point in finite space, being 

^0 = - j B dr, 
we have the difference 

0-^0 = -1 B dr + dr. 

which, upon interchanging the limits of the last intee-nl 
reduces to the original form 

fp — 4 >q ~~ f B dr 

Jpn 

for the difference of potential 


f 
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If a fiec positive chaige would be driven fioin the level 
suiface tluough P to the level suiface through Po, then P 
IS said to be of highei potential than Po, oi 0 ~ (jio actually 
lepresents a fall of potential. Positive cliavges aye always 
driven from points of higher to points of lower potential 
Since qE lepiesciits foice, the intcgial in equation (6.5) 
icpiescnts the negative of the woik clone in tianspoiting a 
unit chaige from infinity to the point P, Thib fact will be 
seen to be moie significant in the next article. 

7. The Potential Energy of a Charge in an Electric 
Field. — ^Suppose a paiticle of mass in and chaige q is 
acted on by a system of clectiically charged bodies with a 
foice F , the equation of motion of the paiticle is then 

m — F, (7.1) 

If we multiply this equation scalai ly by irdt wc will have 

mr rdt ~ F-dr, 


Upon integiating this equation fiotn ^ to ^ 

legal ding m as constant, we get 

~ ImpQ = C F-dr. (7.2) 

Jl’O 

The left member of the equation is the dilTcicnce of the 
kinetic eneigies of the paiticle at the times I and in, while 
the light member, a line intcgial, is the woik done in tians- 
poiting tn from a ccitain position Po, at the time la, to a 
final position P at the time k If the foice F is independ- 
ent of the time and equal to the negative giacHcnt of a 
scalai point function W, the right member of (7 2) becomes 

- I glad IT dr = - C’dW = Wo - IV. (7,3) 
Ji‘0 JPt, 

In this case the line integial 

/" * 

IS independent of the path, depending only on the initial 
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and final positions of the paitidc The function W is 
called the potential eneigy of the paiticlc. The potential 
energy is thus seen to be a function of position. If wo 
call the kinetic eneigy T at the time and To at the time 
to, we shall have 

T - To = Wo ~ Wi 
or 

T+W^ To + Wo 

that IS, the total energy is conseived thioughout the motion. 
The system of forces acting is thus called a conservative 
system It is always so that when such a potential eneigy 
function exists for the applied forces, the system of forces 
is conservative. If we write fiom equation (7.3) 

IF == - \F>dr + TFo 

we see that we may define the potential eneigy of the 
particle as the negative of the work done by the forces in some 
arbitrary displacement. We can make the potential eneigy 
unique by determining it fiom a standaid state. If as in, 
the potential function 'we take infinity as the position of 
zero potential energy, Po will be a point at infinity, and 
Wq will be zero, so that 


W==- rp^dr 

J<ii 

satisfies these conditions. We may now define the poten- 
la energy of the particle as the negative of the work done by 
forces in displacing the particle from infinity to the point 
P, the work being independent of the path. Also, since 

F = qE 

W^-sTE^dr. 

But the potential 

= ~ f E-dr 

therefore 

w ( 7 . 4 ) 
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Thus the potential encigy of the paiticle of mass w, chatgc 
q, at a point P, due to a system of chaigcd bodies, is the 
chaigc g, multiplied by the potential at the point P, due 
to those chaiges — a vciy convenient lesult. 

8. The Mutual Potential Energy of an Electric Field.— 
To obtain the total potential cneigy due to n elcctiically 
chaigcd pai tides, we would have to compute the negative 
of the woik done in tianspoiting the system of pai tides 
tiom a state of infinite dispeision at infinity along some 
set of paths to then final position We will call the 
potential function duo to the chaige g,, <f>«\ and its poten- 
tial encigy 111 Its final position P. due to the othci pai tides 
in the lield w, We will then bi mg the chaigcs up in ordci 
as numbeicd Fiist the potential encigy wi of the chaigo 
ffi in Its final position will be /eio, since theic aic no chaiges 

in the field and the foice acting is theiefoie zeio. The 
energy 

W2 = <72(A‘” 

accoiding to the last at tide, whcic is the potential 
due to the charge ji. The potential cncigy 

Wa = <7 ((0(1) -j- 0(8)) 

since the potential function at the point P.( is the sum of 
Uie^potentials due to the charges and ga, icspectivciy. 

•Wy = (7i(0(') -f- 0(8) 4- ^(3)) 

and foi the gcneial law we will evidently have 

I 

Wy - (8.t) 

1 

with the condition that wy is zcio. If now we levcisc the 
oidci in which the pai tides weie biought up fiom infinity 
we will have fust 

= 0 

= (Z»-,((!i<'“ + 0<""«) 

=■ ff«-,((ii‘"> + 0<"-« -f. 0O-2)) 
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wlieia is Hu' siuii nf tin- |«.tfmial« al tin- |Hitiit dm* 
to all chaiKcs avn-pitii^ ilu* «liai|{«’ Vr, lln* iHiiutUal ip'* 
does not appear in ilu* last pan'iiiln-.|N 

I'vqimtion (H.,1) is then ilu* (ntal nr nnitiial pnii-iifial 
cnei{jy of the Hysti'in of n pariii le**. 

lo obtain (ho nuiliial potential eiiiigy nl a iniitiiiunus 
volume cliHliibution of deeiiilieaiinn of deimity ,,, 
icplace q, by pjclr und pass to the limit; tt|tiaiiim (H J) 
then bcconiea 

]y er- J tfipdif 

where 0 la the potent ial at the point ,1/ of the element dr, 
due to all the clmiReH exeepiiiiK »lir rliarK.* of the element 
dr. If a Hiiifnco disliiluiiion i,( Mtrfme den»ii\ w he 
includcdi the mutual potential eiu'ij{y evkiently i-i then 

IK -I Lpdr f I [ 

*iA 

whore according to the notation Hu* firnt inteKnd will la* 
taken thiouKhout all rliarKed voliiines and the <a't-ond 
integral ovei all surfat-e disiribulioiH of eht'lricily. U 
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may be obscived again that the result heic obtained for 
the mutual potential cneigy is independent of the law of 
foico, It is implied, howevei, that Iheic exists a potential 
cncigy function fot the foices which vanishes at infinity. 

9. Induced Electrification. — Expet iments made by 
Faiaday and icpealcd by Cavendish and Maxwell point 
conclusively to the fact that an elccliic chaigc cannot 
peisist on the intciioi of a conductoi ; in fact, this state- 
ment may be taken as the definition foi a conductor of 
elcctiicity. The statement that an clcctiic chaige cannot 
peisist on the inteiioi of a conductoi, though paiadoxical, 
only selves to emphasize the fact that we aie using average 
values, that our mcasiuing instiumcnls aie not capable 
of analyzing the atom. We aic only inteicstcd in an 
excess of elect! icity in a macioscopic clement, one con- 
taining many atoms oi molecules. 

If a positively chaigcd body be suspended by some 
insulating matciial inside a hollow similaily insulated or 
suspended conductoi, the innci suiface of the conductor 
will bo chaigcd negatively, and the outer suiface positively. 
The conductoi in this case is said to be charged by induc- 
tion; the induced chaigcs aic each quantitatively equal 
to the chaige producing the excitation. Had the oiiginal 
charge been negative, the signs of the induced chaigcs 
would have been icveised. 

The phenomena of induction is easily explained on the 
electron thcoiy In this thcoiy, it is assumed that elec- 
trons aic picscnt in conductois in gieat iiumbeis, that 
many of them are free, oi so loosely bound to the positive 
nuclei of the atoms that they aie easily displaced by a very 
weak elcctiic field. The elections are only sufficient in 
number, of couise, to make the macioscopic element of 
the conductoi clectiically neutial. 

In the case undci considciation, the lines of intensity 
have theii souiccs in the charge pioducing the excitation 
and terminate in chaigcs outside the body Under the 
influence of this field of intensity which pcimcates the 
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conductor the free electrons are diawn to its innei suifacc 
until equilibrium is established, leaving an excess of 
positive charges on the outei suifacc The lines of inten- 
sity with sources in the induced positive chaige and tcinii- 
nating on the induced negative chaige must then be just 
equal and opposite to the lines of intensity whose soiiiccs 
are the charges producing the excitation, otheiwisc the 
electrons would not be in eqinhbiium. Thus the icsultant 
intensity is everywhere zero in the interioi of the conduct- 
ing medium. 

We can use this result to show that the sut faces of a 
conductor are equipotential sui faces In the mtegial 

fPt 

<t>'i ~ <j>i - — I E'dr 

Jpi 


we can take Pi and P2 in the same suiface of the couductoi 
and the path of integration thiough the conducting mccliuni. 
Accordingly, P is identically zeio at cveiy point of the 
path of mtegiation, hence = 02, oi 0 is constant on the 
surface of the conductor This conclusion is also sti ength- 
ened by the facts that the charges on the smface aic in 
equilibrium and that the fields of intensity inside and out- 
side a hollow conductor are entiiely independent of each 

other. Thus the lines of intensity terminate on the siii face 
oJ a conductor. 

10. Gauss’s Electric Flux Theorem.~Por a system of 
theorm^"^^^^^^^ following 

The flux of the electric intensity E through a, closed surface, 

2 iTl of charge, q, wUhm the closed surface, 

is equal to the charge, q, multiplied by 

.r theorem, first, for a point charge q,, 

Mint f oflL- ^ distance from an; 

£i 

r 


^ C =5 2i 
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and the clectiic intensity 

E = — glad 0 = ^4 ”• 
r 

The flux of the intensity E thiough the suifacc a will then 
be 

jE.nd. - (10 1 ) 

whcieO is the angle between r and n, the outei unitnoimal 
to the suiface <r at the point P. If we suuound the chaige 
by a sphcie of unit ladius, center at Mi, then the cone, 
apex at il^'i and base da, will cut an aiea, dSl, out of the 
unit spheie, such that 

dQ _ da cos 0 
I 



angle of the cone. If we substitute this in equation (10.1), 
we shall have 
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This result is independent of the position of the charge g: 
inside the surface Also, since the resultant intensity E, 
due to two or more point chaiges, is the sum of the com- 
ponent intensities due to the scpaiate chaiges, the flux of 
the intensity £, through the siiiface <j, due to a system of n 
point charges entirely within tlie suiface o-, will be 


n 

E niff = 4 ir'Vgj 


For a continuous chaige distribution of density p we 
replace g, by pdr and take the limit of tlic sum as we have 
done before, so that 


^E-ndcr — 4 w^ pdr. 


(10 2 ) 


From this theorem we may easily deduce the corollai y 
that 

The flux of the tntensily through the surface o-, due to a 
charge qz, outsi.de the surface <r, ts zero. 

For the flux of the intensity E2, due to the chaige <72 
through a surface <r\ surrounding the chaige 52 and the 
surface a, is equal to 4jrg2, according to the thcoiem just 
proved But if we regard q^ as lying m the legion bounded 
by the two surfaces <r and then the flux of the intensity 
2 1 rough both surfaces is 47rg2. Hence, the flux thiough 
the surface ir of the intensity E2, due to the chaige 32, 
outside the surface, is zero We may thus state the gen- 
eral theorem that 

of the electric intensity E, through a closed surface 
IhlheZt" ^ ® embedded 


^ E nd<T — pdr 


( 10 . 3 ) 

m the rilt ' f i'^tegral 

to the surface cr oTtE ° chaiges interior 

» roughout the volume bounded by <r. 
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Equation (10.3) is ficqucntly icfcncd to as Gauss’s 
theorem; we shall call it Gauss's eleclnc flux theorem to 
avoid confusing it with Gauss’s flux divcigence theorem. 

If we ttansfoim the left merabci of equation (10.3) by 
Gauss’s thcoiem (12), wc obtain the equation 


^ div Edr = 


(10.4) 


Since this equation holds foi the elomenl dr wc have 


= ~ div E 
Att 


which cxpi esses the volume density p, in Icims of the 
intensity E 

Had the electi ification in t been a sutface distiibution 
on the suifacc of a conductoi of suiface density w, equation 
(10.3) would have icad- 


j E ndff = 4ir j Wo" 
<r J ir. 


(lO.S) 


wheie the first intcgial is to be taken over any arbifciary 
suifacc suuounding the chaiges, while the iiitegial in the 
right membci is to be taken over the chaigcd suifacc. If 
we select foi out surface, <t, one infinitesimally ncai to the 
charged conductoi, then the two intcgials in the limit will 
be extended ovei the same surface. To be consistent we 
should leveise the sense of the iioimal, n, taking the 
positive unit noimal towaids the intciioi of the conductoi, 
thus making it the outwaid noimal to the suiface bound- 
ing the field of the intensity. With this change in the 
sense of the unit noimal, equation (10.5) should icad 




E ■ ndar ~ 4^^ (oda. 
The volume integral 


r d\y Edr 
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in this case degenerates into a suiface intcgial ovci Llie 
charged surface and is equal to the uitegial 

iodo", 

over the same surface. 

Since Gauss’s theorem holds whatevei the volume, we 
may apply all this argument to an elemental y tube of 
intensity of cross-sectional aiea da, and of inrmitcfaimal 
length, and extend the tube into the conductor. Since 
the intensity E is tangent to the tube, and zero in the 
interior of the conductor, equation (10 S) in the limit as 
the length of the tube approaches zeio, becomes 

~E nd<T = 4:'jr<i>d<T 
or 



£ n i 


( 10 . 6 ) 


If we identify this with div E, which in this case is also 
0 ), we would terra -E n the surface divergence of E, wiitten 

aie the 


briefly divs£, so that ^div^? and ^idivs^ 

47r 47r 


volume and surface densities, lespectively, of electrifica- 
tion In the language of Hydrodynamics these me the 
sources of the vector E, and the vector lines of the vector 
E are stream hues We thus see that the lines of intensity 
begin at a positive charge and terminate on a nee-ative * 
one m finite space or at infinity 

When we take up the study of dielectrics we shall see 
that -E n is only a special form for divs E In fact. 

condlir°'^ of a 

- "«rface, and since 

* - grad <l>, the intensity E is therefore normal to the 

surface, so that the surface density w is — JM or 4 -M 

^ 47r ^47r ’ 
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according as the sense of the intensity agtees with that of 
the unit noinial n, oi not 

11. The Equations of Laplace and Poisson. — The 
intensity E = — giad •/>, thus the intensity is defined by 
the two eqiiation.s 

•^clivE = p, lotEsO. (Ill) 


Since the second of these two equations is identically 
satisfied by the giadient of a scalai point function, the two 
equations (11 1) i educe immediately to the single equation 


01 


div glad ^ = — 4irp 


A0 = — dirp (11 2) 


This is Poisson’s equation. Fot points wheie the density, 
p, is identically zeio, the potential, (/>, satisfies Laplace’s 
equation 

= 0 (11.3) 

which is a special instance of Poisson’s equation. 

Equations (11.2) and (11.3) ate veiy impoitantt they 
aiise cvciywhcic in mathematical physics, in the conduc- 
tion of heat, ladiation, the thcoiy of elasticity, hyclio- 
dynamics, and Newtonian attiactioiis. The potential 
function used in the development of eciuation (11.2) is 



already defined (6.3); it is thus a special solution of equa- 
tion (11.2). Functions satisfying equation (11.3) ai c called 
harmonic functions. 

Solving equations (11.1) foi E is equivalent to solving 
equation (11.2) foi <{>. This Is moio convenient, since is 
a scalai point function. Then we can also piove that; If a 
Junction <f) satisfies Poisson's equation (11.2) over a region r, 
and if 0 lakes on prescribed values at the surface o, hounding 
the region r, the function is unique. Also if n^grad 
is given on the boundaiy or, instead of the function flic 
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function <j> is still unique aside from an additive constant 

E will be uniquely defined by 
t le negative giaclient of the function 0, 

oo theorem we assume the existence of a 

f satisfies equation (112) in the 

hnn rl the prcsciibed values on the 

boundary We then replace the functions ^ and of 

fuSon'b'yT- r' 

Then 

j{<P' ~ - ^)dr +J^giad2 (</>' - 

= J^(0' - d>) grad (<^' - cl>) nd,T 

vanU^'iln'tiLlly!"^^^^^ 

A<^ = A0 — ^ctrp 

rhmforr *''' '' "• 

\ grad^ s 0 

or 

grad 2 {<!>' - ,^) = o 

""; gradient of a scalar point function is 
zero, the point function is constant, oi 

~ z= c 

But c = 0 on the boundary, therefore ^ alwavs or in 

this case there is but one fiinrtmn a m 

tions umction, <f,, satisfying the condi- 

bouSarv^ ^ Ji-grad <l> is prescribed on the 
Til T and surface integrals will airain 

vanish the former for the same reason Is before while 
sur ace integral becomes zero in this case because 

•^•grad <j> = n-grad 

on a. Thus again 
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giad^ (<^ ~ 0 

or 

^ — tj}' -\- c 

The conditions hcic detciminc aside from an additive 
constant; but this is no disadvantage, since in each case 
the intensity is uniquely dcLci mined as — giad (p. 

As a simple illustiation, we shall detciminc the field 
intensity, E, in fine space, due to a surface charge, q, 
unifoimly distiibutcd ovei the suiface of a spheiical con- 
ductoi In this case the volume density, p, is cveiywheic 
zeio, so that Laplace’s equation 


A<^ = 0 


is satisfied by the potential function, <fi, at all points out- 
side the sui face of the condiictoi . 

Since JS IS a Newtonian foice intensity wc seek a 
Newtonian potential function, one which vanishes at 
infinity and satisfies the condition • 




47r 


n glad 0 = 


<1 


at the boundaiy, the suiface density being chaigcd pei 
unit aiea. Wc have aheady seen that 



f.2 Y 


if r is the ladius vcctoi diawn fiom the ccntei of the 


spheie. Thus - and n aic unit noimals to the suiface of 


the sphere, but they aic of opposite sense, since n is the 
inwaid normal to the conducLoi. At the boundaiy, then, 
we will have 


A(n pad 






= g 

4'ira*' 




The function 
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oZ?. ,1 points 

outside the sphere and also the condition at the boundaiy, 
‘ J Jito lotimi-ed function and the only one. 

1 lie field of the intensity 

E 

f2 Y 

force acts at points outside the spheie as though the whole 
charge were concentrated at the center 

and Condensers.-i),./.c/nc^ oi 
insulators m the election theoiy ate chaiacteiizcd by the 
assumption that theie are present in such mocha veiy few 

the nos,/,°""’ *"^7 ""r electrons being stiongly bound to 

the positive nuclei of the atoms The phenomena of 

e^c nX non-conductors of 

electricity. There is no such thing in natuic as a peifecl 

^ perfect insulator, but many media behave 
dasses "" ^ 

Maxwell's theory of dielectric media depends on Faia- 
day s experiments with condensers A condenser consiste 

diel^tric^^i^^tlT 7 charged conductors with an intervening 
. , ’ ® charged conductors are concentric spheres 

the condenser is called a spheru^l condenser ’ 

The capacity of a condenser is defined as the quotient 
formed by dividing the charge on the positive platfby the 

an?T“ i If - capLity 

positive plate, then by dehnition 




(12 1 ) 


It IS easily shown that the capacity of a spherical condense. 

InH ti t ' '“'Isps'Kimt of the potential difference 
and the charge on the plate, For if j is the charge on the 
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spheie ladius tjt, lUicl If llic iiuliiis tin* olht'i condiii'toi 
fi > r 2 , then 


-f 

E 

dr - - ( 

</il/ 

Jl' 

1 


rt ^ * 

<1 _ 


=. ‘l^' ‘ “ 

m) 

r> 

u 

III. 


<7_ 


1 P'j _ 


0.J1 

^ f 

I -~r> 



so that 


which piovos iho stateiuonl. liiil Fauul.iy fomitl iiptMi 
intioclucing a diclectiic In'twcen the |)lii(<‘s of a condriisci, 
while maintaining the plates at a ronsitiiil dilleu'iiee ol 
potential, that the thaige on Ihe plates eluinged, cn if \vi' 
call S' the capacity and q' the new thatge iheii 


In fact, his cxpcihnents .show(*d (hat, /nr way jhed (!i(fw^ 
ence of potential, xvhutwer the shape oj the <,on<lensa , the i»U lo 


remained constant for the mine isotiopii (lirlatn’r. 

We shall call this latio c. 'I'liis eonsltiiit, c, depending’ 
on the naUuc of the dioleetilc and <'iipalile of e\peiinienlal 
deteunination, is called the spciifa indiativa la pat tty of the 
dielectric, or the diclectiic cocfjioienl. 

If we rcstilct oin selves to the spheric, al condenser, then 
we can show that if the charge on tiu' pl.ite lemains con- 
stant, the diffciencc of potential ( h.uiges in a vtay »j)eciul 
way. Initially in fiec space we .sinill aMMiiiue that 

S’ - - 

O'--, . 

ipn 

We then intioduco an isotio()ic dielectric with dielectric 
coefficient, €, keeping the chaige, tj, lixed while the dilTer- 
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ence of potential changes If we call the new difference of 
potential (^21', and S" the capacity, we shall have 

Q// _ Q 

<l>21 

If we now maintain 4>2i fixed and remove the dielcctiic, 
the charge q will change to some value, go, while tlie capac- 
ity will assume its original value, S, foi fiec space, since the 
capacity of a spherical condenser with the ethei as the 
dielectric is independent of the chaige on the plates and 
the difference of potential We thus have 




02 l' 


Hence from these last thiee equations, we find that 


and 


so that 


^ = 1 = . 
^ So * 


^=1 = 1 ^ 
S Jo tj)2i 


^21 €<^ 21 ^ 

difference of potential ,s cliffercnt from 
tew^rthT ■Mtoducing a diolect, ic 

mtirv „ *ir P'f'? i" the electric 

ntenerty If we etill use the lettei E for the now intensity, 


^21 = f </»21 


''“-r 


iE dr. 






on its Sor.^^TWs’newTecto^ the positive plate only 
mis new vector which has arisen is Max- 
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wells electnc (hspldcenient vectoi, oi simply the dtsblacc- 
ment. 

We call this new vcctoi D, and define it by the equation 


D = 



( 12 . 2 ) 


It IS characLeii/ed by the piopeity that its flux Lhiough an 
aibitraiy siiiface inclosing a chaigc always gives the cliaige 
inteiioi to the suiface Also if we are to maintain out 
definition foi capacity, then the chatge q must not only be 
given by the equation 

q = (12,3) 

where the suiface a incloses the positive plate but also the 
new E must be a potential vecLoi , i e , the negative giadient 
of a scalar point function 
From (12.3) wo have 

2 =J’E-nd(r fE'nda. 

But in fiec space accoiding to Gauss’s elcctiic flux theorem 
Ilcncc in ficc space t is unity and 



We thus have a natuial unit dielectiic coefficient in 
tcims of which e fot cveiy isoLiopic substance may be 
expicsscd, Foi such substances t is the latio of two 
chaiges; in gcneial we shall rcgaid it as a pure numbci of 
zeio dimensions. The dielectiic coeflicient for paiaffin is 
fiom 2 to 3; foi glass, fiom 6 to 8, and neatly unity for 
every larefied gas. 

If the dielectiic is non-homogeneous and non-isotropic 
we still define the displacement by equation (12,3) In 
this case the intensity E will be changed not only in mag- 
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nitude at eveiy point of the medium, but in diiorLion as 
well The dielectric coefficient liei e might I ic a homo^ra phy, 
or the displacement D, a lineai vccloi fuiu tioii of tJu> inlim- 
sity E, under the assumption that the i elation (12.2) 
between the displacement and the intensity still holiK. 
For our pin pose, we need only lemeinbei that in genet al « 
IS a variable point function. 

The relation (12 2) between the veclois D and E is 
interpreted in a mechanical way as a stiess-sLinin i elation, 
a special case of Hooke’s law. In its most simple aspect, 
where the dielectric coefficient is constant, the veclois E 
and D would be intei preted assticss and bimplc extension, 

respectively, while 1 would play the lolo of Young's 
modulus. 


13. True and Fictitious Charges.— To discriminate 

first that by definition the flux of the displacement D, 

region "" whatevei, is equal to the chaigc in the 

Jd nda- ^jj>dr. (13 

Gauss’sXf .'I;- (13.1) by 

L-auss s theorem, this equation becomes ^ 


J^div Ddr ^J^pdr 


P == div i>. 


fpdr = l^cli 


div Ddr 
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3D 


clegeneialc into suifacc integials ovci the inleiface The 
first integial becomes^ extended ovei the interface. 
If we tiansfoim the second intcgial by Gauss’s theoiein, 


we will have 


J^div Ddr ^ jj) 


ndff 


If we now con ti act the aibitiaiy suifaco o-, bounding' the 
legion T, to coincide with the inteiface, we obtain the 
integi al 

^ D nda 

which must be extended twice ovet the inteiface, once 
ovci each side If Dj and Dz aie the displacements and 
ni and Uz the outei unit noimals of the media (1) and (2), 

respectively, then the integi alJ^D-iR^cr, taken ovci the 

bounding suiface of medium (1), may be wiitten 

~ j n and ni being just of opposite sense. 

The whole integi al^div Ddr thus degeneiates into 


Tti + D 2 n2)d<r. 


If we now select an elemental y displacement tulic of 
cioss-scction d<r, foi the icgion r, and let the ends of the 
tube appioach the inteiface, wc shall have in the limit 


wrfer (Di-fii T" Di-n^dff. 

From this we conclude that the suiface density 
w - — (Z>i til + D2 na). 

The diveigoncc of the displacement D has thus degenerated 
into the cxpiession 

— -T Dz'ti^ 

defined over the interface. This cxpiession may be taken 
as the most gcncial definition foi the suifacc diveigoncc 
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of a vector We may now say that tho volumo uiul suifac*' 
densities of true elcctiicity aie given by the eijualions 

P = div Z> and w = - {Di-Ui + n-j) = rlivs £>. ( t.i.2) 

If there aie no line chaigos In a dielecltlc incdiuin oi 
on the interface between two dielectiics 

div 2) = 0 and divs Z) = 0 (1 3.2) 

in these regions If the dielcctiic coefficumt lu'io 1 h a 
variable scalar point function, cquatioiib (13., 3) show Lhal 
in these same regions 

divE 0 and divs F ^ 0, 

Thus the intensity F has its sources not only in the Hue 
vanS Tu dielcctiic whene e is 

Z” O volnm ekclni- 

the equator “ “““ '' 

p'-TcIlvS, «,'-^<|iva£. 03.4) 

by thf^uM'ons™ ''cttor dorinwl 

1 . _ 


• div E 


lot == 0 


(13,5) 


(«S) are aqu, valent '^'luatbna' 

WT u ^ ’ ~ (^ ^1 + I?2 Hi) = 47ru' fn 

We thus see as before thnf ih a. U>5.0) 

from an additive constant 

uniquely determined from 2 

these sources are m those 

fictitious charges In fact dw , • 

potential function and may evi^M”"/ "" Newtonian 
form evidently be wiifcton in the 


<f> ~ f ^ r 


(13.7) 
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14. The Vortices of the Displacement Vector.— When 
the cm I of a vcctoi is zeio, the vectoi field in the 
language of Hydiodynamics is called an ir rotational oi a 
vortex f tee field The vortices of a rotational field aic those 
legions whcie the cuil of Che vectoi is diflciciit fiom /cio, 
and the cuil of the vcctoi is called the shength of the 
voitex, The field of the vcctoi 5 is a voitex; ficc field » 
since cuil E is evciywheic zeio Theiefoie in adielectiic 
with a vaiiablc coefficient e, cuil Z), accoiding to relation 
(12.2), IS dificicnt fioni zcio Thus, in gcncial, the dis- 
placement D IS not an iiiotational vcctoi and Ihcicfotc 
does not deiive fiom a potential function 

At an Intel face of two isotiopic diclectiics with dilTcr- 
ent diclcctilc constants, cuil D is agdiii difTcient from zcio, 
since ciiil E is zcio In this case the voiticcs aic dis- 
tiibutcd ovei a suiface and aie called surface voiUceSt 
cuil D heic degencialcs into a surface curl which we will 
biiefly wiite cuds D. 

If we apply Gausses Lhcoicm to the vectoi ciul Z), 
taking foi oiu volume an elemental y displacement tube 
whose Cl oss-section is a suifacc element, rZer, of the intci- 
facc, we shall have 

divcuil Ddr = cud Dander. 

The left membci of this equation is identically zero since 
cud Z) is a solcnoidal vcctoi If wc let the length of the 
tube appioacli mo, the suiface element appi caches an 
element of the mteifacc as its limit, and since da- is arbi- 
tral y 

cud D n - 0 

or cud D at a point of the inteiface lies in the plane tangent 
to the inteiface at the point. 

To obtain the suggested special form foi the cml of a 
vector wc shall choose a dght-liandcd set of unit vcctoi s 
Hi, f, V, and foi convenience the cooidiuatc axes OZ, 
OX, and 07, paiallel, lespcctivcly, to these unit vcctoi s, 
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We will choose ni as the outei unit noinial to medium (1) 
at the interface, while t and v aie tangential to the- intoi - 
face If we now apply Stokes' theorem to the clemontai y 
rectangle dzdx m the zx plane, with its sides dx in media ( 1) 
and (2), we will evidently get 


cuil D vdzdx = (Z >2 - Di) tdx + fdz 

where fdz is written for the flow along the ends dz of tho 
rectangle We now let the ends of the lectangle approach' 
zero, the area dzdx degenerates into the length dx, the 

vTin f ^2 appioach their 

hmk wfgS^ interface in media (1) and (2). Thus in the 

curl D ndx == [D 2 — D\) tdXp 
or since dx is arbitrary 


1 1 


Had we taken the rectangle in the riiV plane tho imh 
curl Z) f = _ (2)2 _ 2 )i) V. 

own Sane about^thrino ^ ^ lotaled, in their 

fill The vector Lr?Z)^a, ad 

fore mutually perpendicular i 7 


curl D 


curls = ni X (Z)a - B{) 


which IS equal to -n., shall havr"^ 

® - - (n. X D. + „, X Os). 
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This IS the suiface ciul of the vcctoi D, and may be taken 
as the foim fot the siufacc cuil of eveiy vcctoi 

At an intcifacc of two ibotiopic dielcctiics (1) and (2) 
with dielcctiic constants, ei and € 2 , 

culls £ = — (m X iSi + 02 X E2) = 0 ; 

01 

Oi X Ei ~ Oi X E2 

since cull E is cvciy where zcio. This last equation may 
also be wi itten 

|i5i| sin {Eu ni) = \E 2 \ sin {E 2 , Oi) (14 1) 

Thus the tangential component of the clcctiic intensity is 
continuous at an inteiface of two isotiopic dielcctiics, 
On the other hand, if thcie aio no ti ue chaigcs at the intei- 
face, clivs D is zero. We thus have fiom equation (13 2) 

divs D = - (Di-ni -I- D2 112) = 0 (14.2) 

fiom which we sec that 


Di’Oi = Di'ni', 

or 

|i>i| cos (Pi, ni) = \D2\ cos (D 2 , Hi). (14.3) 

We may also say that if there ate no tine chaiges piosent, 
the noimal component of the clcctiic displacement Is con- 
tinuous at an inteiface. If we divide equation (14.1) by 
(14.3) and use lelation (12.2) we easily obtain the lelation 

Tan {Du nQ _ ei 
Tan {D 2 , ni) 62 

since D\ and D2 ate parallel to Ei and E2, lespectivcly. 
Thus the tangents of the angles which the lines of displace- 
ment make with the noimal to the inteiface aie diicctly 
propoitional to the dielcctiic constants, 

15. Space Distribution of Electric Energy.^ — We found 
(8.4) the mutual potential cnctgy of the clcctiic field In 
fiec space to be 
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which, since 

— 47rp = A 4 > and = giacl (ji'n 

may be put into the foim 


^ glad 0 nd<r. 

If we transform the first integial by the first fonn of 

Green’s theorem ( 18 ). the suiface intcgials will cancel, 
leaving 

IF - ijgrad* 

We thus see that the electric eneigy is distributed thioiigh- 
out all space with a volume density 
If there are dielectrics in the field 

so that “"I »-divsZ>__z».n 

W'-i (■tin Ddy - J f^O-nd^ 

Since, ( 17 a), 

diy <j)D — 0 div D J) grad 0 
ue may write the energy m the form 


ndar. 


W ^ Jdiv <},Ddr -ijo grad 0dr - , 

ctceUo''S just 

W -- jJ'j) grad 0dT = ij' D>EdT. (15 2) 

For space filled with 

W 


-if 


an isotropic dielectric this reduces to 




In any case, then, we find that the electric 


energy may be 
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thought of as disti ibutccl thioughout all space with a 
volume density \D E. 

The iiitegials without the indices aic to be taken thiough- 
out all space. The Gicen theoiem is fiist applied to a finite 
legion and then the liouiidaiy is extended to include all 
space. This is peimissiblc since the intcgials of (8 4) may 
include all space, those legions of space whcic p and w aie 
zeio contiibute nothing to the intcgials 

16. Units and Dimensions. — To lelatc the lational 
clcctiostatic (i.c. s.) system of units to the common oi 
absolute clcctiostatic (c e s.) system, we will call the 
unit cliaige in the (i, e s.) system go and in the (c. c s.) 
system goh Then by definition 

^ = I dyne 


gof 

P 


± dyno 


the dielectiic coefficient, «, being unity in fiee space, so 
that 

g'o® — 47rgo^ 

oi the (c c s.) unit chaigc is equal to the (r. e. s.) unit 
multiplied by V 4:w 

The natuial unit chaige oi the chaige caiiicd by the 
election has been detci mined by Millikan with great 
precision * In (c e s.) units this was found to be 
e = 4 774-10-i“ (c c. s) units, which is collect to one- 
half of one pci cent Expicsscd in the (K_e. s) system 
units, this icsult would be multiplied by V47r. 

The equation 

F ( 16 . 1 ) 

defines the electiic intensity foi eveiy system of units. 
If the chaigc q is defined in (i c. s.) units, then the inten- 
sity E is given in (i. c. s.) units intensity Similar state- 

*R A Millikan, ^‘Tlie Electron," p 118 
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riacemcZn'"' I-I'c dU- 

placement and the potential 0 

inte^itv^wl connection between the electric 

umt^ w Tn I"®''"'”®'* two different systems of 

system nf ^^/ Quantities measured in the (c c s.) 

system of units by supciscupts, then m tins system 

F' = a'E'. 

If q and q' represent the number of (i c s ) and fc e '1 


or 


q ^Virq' 
q'E' = qE 


and F' = F 


(16 2 ) 
(16 3 ) 


If wc substitute the fiist of cnnnf-TnnG HA 9 ^ * < 

(16.3) we find at once that ‘"to equation 

E' ^Vi^E 

to th! “^tensity expressed m (c c s.) units is equal 

to the electric int^ity of the same field m (res) units 
multiplied by Also, from the defiinUmrs of the 

displacement and the potential, the relations 

i)'=V^D and 4>' =V^<j> 
will be evident. 

We wish now to find the dimensions of the electric 
quantities we have introduced In mechanics we were 

mai JW-lenShi dimensionally in terms of 

and It is possible to express 

ro^'r^ ft'ndaminuil 

- a Ze lX " 

Our definition for force as the product of mass and 
acceleration leads to the following dimensional equation. 

[7?] = [M^L^r-^] 
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If we write the equation 



dimensionally, we shall have 


also 


and 


[q] = [yVF] = UVPV'T-'] 

[£] = ["] = 

1^1 “ \€\ - 
[01 = [E dr] = 


It seems haidly necessaiy to justify the (c. c vS ) 
system of units adopted heie Howevei, this is the sys- 
tem most used by physicists, and the avoidance of moie 
factors involving 4ir by using the (i e s ) system seems 
very doubtful. Then the change fioni one system to 
anothci is a veiy simple matter, as wc have aheady seen. 

EXERCISES 

(1) Show that the aveiagc value of sin^ / is 5 if taken for a 
complete peiiod 

(2) If a charge g is unifoi mly clistiibuLed along a line of length 
21, what will be the force intensity acting at a distance R fiom 
the line on its perpendiculai bisectoi. 

(3) Compute the potential function for the chaige of 
problem 2 

(4) Give the pioof that A in Piicstley’s law is unity, for 
(c, e s ) units and find A foi the (1 e s ) system of units 

(5) Prove that giad 0 is a convergent integral if the chaige 
IS distributed in finite space, 0 is the potential function, 



48 


ELECTROSTATICS 


(6) Give a direct pi oof that 

A(^ = — 4t/5 

where (f) again is the electiostatic potential 

(7) Find the potential enei gy of a body falling: ncai the 
earth’s surface 

(c) At any instant, (b) At the instant it is 300 feet fioni 
the earth 

(8) Find the potential eneigy due to the Newtonian atliac 

tion of a 1 pound mass, if this mass is 12,000 miles fiom the centei 
of the earth 

(9) An electric charge q is located at the centoi of a spiieie, 
radius a find the flux of the electric intensity E, due to this 
charge, through the surface of the spheic, by a diiect inlcgiatioii. 

.nsTted\rJr Art 9, if the suspended 

he holt of 

Describe resulting phenomenon? 

Describe the fie ds inside and outside the hollow conductoi. 

un orm Zh ^anying a 

TstZ "r>a( T t a 

concT^teVattetrS^^^^^^ " 


CHAPTER II 


MAGNETISM AND POLARIZED DIELECTRICS 

1, Magnetism and ceitaiii magnetic phenomena aie 
matters of common knowledge It was discoveied very 
eaily that loadstone, a paiticular kind of iron oie, possesses 
magnetic propcities This inheient magnetism, or tntn7isic 
magneUzahon, is chaiacteiistic of permanent magnets 
That the earth is a magnet has been known foi a long time, 
though ]ust what is the souicc of the caith’s magnetism 
is a question which has ncvei been conclusively answered. 

Surrounding a magnet thcie is a magnetic field of force 
intensity. If a bai magnet be suspended so that it swings 
freely m a hoilzontal plane, it will line itself up in a north 
and south direction Ncai the ends of the magnet and 
not veiy well defined aic two points called the magnetic 
poles, fiom which the foice seems to arise The line join- 
ing these two points is called the axis of the magnet. The 
pole of the magnet which turns to the north is usually 
called the positive pole and the othei the negative pole 

There is a foimal lesemblance between magnetism and 
electricity, though a magnetic pole has no influence at all 
on a static chaigc of electricity. Like poles lepel and 
unlike poles attiact each other, as did like and unlike 
electiic cliaigcs Also, by a seiies of extensive experi- 
ments, Gauss established the fact that, foi concentiated 
poles, the Newtonian law of foice holds 

As we defined the unit chaige in clectiostatics, so we 
define a unit magnetic pole as a pole which repels a like pole 
in vacuo at a distance of one centimeter with a force of one 
dyne. The unit pole heie defined is the common electro- 
magnetic unit pole; it is the basis for the common electro- 
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magnetic (c e m) system of units. A unit pole is also 
said to be of unit strength 

If mi and ni2 are the strengths of two like poles, and if 
r IS their distance apart, the repulsive foicc, F, may then 
be written in the form 


p = I 

^2 y 


( 1 . 1 ) 


which is the Newtonian law of force. The factoi A is 
again a universal constant depending on the choice of 

® system of units to equa- 
tion (1 1 ), taking r equal to one centimetei, F equal to one 
dyne, and mi and m^ each equal to one positive (c e m.) 
unit pole, we find that the constant A is unity, so that 


F = 




1 , 1 . z; 


in our chosen system of units 

The magnetic field mIensUy, H, suitably deflnetl bv the 
equal, un F - mH. is seen to be a force intensity o. Uco 

tion such that it y deSned, is a vector point tunc- 

tbo s 1 1 't » polo of pole strength m be brought into 
the held without changing the field, mH will be the Wq 

t brLT °n M ' d ".arnetlc niatS 

b^ S or We" sh ?, '^gnotiaed 

nlJTZ as'Lfced SiTy"'’""^ 

acterlJX®"aZ«eHre'.*'~"'" 

Of magnetism The h! distiibulion 

magnerc arelecli in ^ ^^Ws of 

Js due to the fact that it^Hm ^heir potentials 

pole We thus have to deal S ^ f ^ magnetic 
point doublets. If we break a ^ of bi-poles or 

small as possible, the pieces persTsfm th? 

properties possessed by the Li^inpl * magnetic 

y original magnet. A magnet 
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IS thus thought of as a polau/cci medium, a medium com- 
posed of such point cloublets. The neatest approach to 
an isolated pole is one pole of a vet y long magnet of small 
cross-section. In the legion surrounding one end of such 
a magnet the effects of the other pole would be negligible, 

Ihe whole thcoiy of magnetism is based on the idea of 
the eJoueuta/ry fiiaguet To develop this idea we write out 
the Newtonian potential foi a 
veiy small magnet and neglect 
second 01 del tcims, which drop 
out in the limiting pioccss of the 
integial calculus. The negative 
giadient of this function will 
give the magnetic intensity H 
collect to second 01 dci infinites- 
imals. 

The Newtonian potential, 
at a point, P, of a very small 
magnet of length h, and pole 

strength m, in vacuo, whose ccntei is at the point M, 
distance r fiom P, is evidently (Fig. 3) 







til 


m 


tnh cos 6 


r ~ - cos 0 


r “ cos 0 


y2 - 


.4 


cos® d 


wheic 0 is the angle between the vector r, diawn from the 
point M to the point P, and the vector dM, drawn from 
— tn io in, whose modulus is h, (We adopt the Piano 
notation and wiite 

r ~ M 


foi the vector drawn fiom M to P. Then 
dr =^dP dM*) 

We now regaid h as an infinitesimal and neglect all second 

* Since dt is an arbitrary cllsplacement of an end point of r, this notation 
discriminates explicitly between the displacements of M and P. 
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ordei terms, and define the potential, of the elemental y 
magnet by the equation 

, _ mh cos 6 

y ' 

This will be the potential of the oiiginal magnet coiiccL to 
second order terms 

The potential of the elemental y magnet may bo put 
into a more convenient foim by fiist obseiving that 

dr = grad r dr = giacb- r dP 


= gradjir r dM = ~ giadj/ r dP 
or 

grad/, r = — grad,v r 

Also since grad/, r is a unit vectoi parallel to r = P — Ai 
and /i = \dM\, ' 


A cos 9 = \dM\ Igiad/. ? | cos 0 

Thus " ^ glad,/ r>dM 

^ _ w/i cos d ^ _ mdM giadii/ r 
1-2 ~ 

= mdM grad,/ - 

where grad„ , has been replaced by ils equal, g. ad„ I 

if w?:,:rm "“Enot, 


f = m grad,/ - 
r 


( 2 . 1 ) 


inlerestrh tte todltnw“'aTure*‘'? 

are interested m a consistent th^ ^ o ^ ; we 

average effects So m the studv of 

are still interested in average val^^Is 

mg to dissect and analvz/th ^ attempt- 

analyze the atom or molecule; in fact. 
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ivc legal cl the elemental y magnet as made up of many 
molecules 

3 . Intensity of Magnetization — Since a magnetic pole 
:an not be isolated, the moment of the magnet rather than 
its pole stiength plays the moie impoitant role. Foi if an 
elemental y magnet be placed in a magnetic field of intensity 
ff, it will be acted on by a toique oi couple We will 
Jcfinc the positive sense of the magnetic intensity H as 
the sense in which a positive pole will bo diiven. We may 
then say that the couple tends to lotate the magnet into 
inch a position that its own lines of intensity have the 
Jit ection and sense of the field intensity H 

The moment of a couple is usually interpreted as a 
/ectoi, pci pendiculai to the plane of the couple, whose 
magnitude is the pioduct of the magnitude of the foice and 
Lhe aim of the couple. This magnitude will be the aiea 
5f the pai allelogi am whose altitude is the arm of the 
:ouple and one of whose sides is the foice H If the 
noinent of the elemental y magnet is m, then the moment 
3f the couple will evidently be given by the vectoi m X H 
rhe positive sense of the moment of the couple is so chosen 
diat the magnet will appear to lotate in a counter-cloclc- 
yisc sense, as seen flora the terminal of the moment of the 
:ouplc. 

In a volume clement dr of a volume distribution of 
nagnctism, the icsultant moment of all elemental y mag- 
lets in the element may be elTcctively replaced by a single 
/^cctoi. We aie thus led to intioduce a new vector, I, the 
noment per unit volume, called the intensity of magnetiza- 
ion, and such that /c?t will give the lesultant moment of 
xll the elementary magnets in the element dr The inten- 
jity of magnetization, I, may be a vector point function; 
n such a case the polaiization is of the most geneial type 
iVe thus see that if a magnet be placed in a magnetic field of 
ntensity H, cvoiy volume element will be acted upon by a 
:ouple the moment of which will now be given by the 
sector Idr X H, 
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4, The Scalar Magnetic Potential. — The poiGntial of 
an elemental y magnet situated at a point AI was given by 

equation (2.1) to be the scalar piodiict, m giadAf i To 

obtain the magnetic potential foi an clement dr of a 
permanent magnet, we would sum the potentials of all 
elementary magnets in the volume clement This will be 
equivalent to leplacing the moment of the elemental y 
magnet by the lesultant moment of all the elemental y 
magnets in the element dr. But this lesultant is given in 
terms of the intensity of magnetization by the vectoi Idr] 
hence the magnetic potential at a point P, exteiioi to the 
magnet, for the element dr, situated at a point M of the 

magnet is / gradv-^/r, 

If induced magnetism is m the field also, we shall have 
othei polarized legions, with a lesultant magnetic moment 
m each volume element and therefore a moment pet unit 
volume oi an intensity of induced magnetization There- 
fore, the scalar magnetic potential foi any numbci of 
permanent and temporary magnets at a point P, outside 
the magnetic media, will be given by the mtegial 

fl gradM-dr (4 1) 

Jr T 

taken throughout all magnetic media. 

We might observe again that while equation (2.i) 
gives only the approximate potential foi a small magnet, 
equation (4 1) gives exactly the potential for a space dis- 
tribution of magnetic material We have only dioppccl 
out in the procedure the second order terms which auto- 
matically drop out in applying the fundamental law of the 
integral calculus 

Kquation (4 1) defines the magnetic intensity at every 
point, P, outside the magnetic media. But for points 
within the media the integrand of the potential function 
becomes infinite to the second degree when M coincides 
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with the point P, since giaci y involves the factoi r~^ 
If we apply the transfoi niation theoiem (17a), 
div = 0 cliv u + u glad 


to the intcgiand, the potential function (4.1) will take the 
form 




If we now tiansfoim the second of these two intcgials by 
Gauss’s theoiem wc get 




nd(T 


(4,2) 


The fust intcgial is to be taken thioughout the volume of 
all magnetic media, and the second intcgial ovci the 
bounding sui faces of these media, n being the outei unit 
normal. 

The magnetic potential giad and aie uniquely 
defined by equations (4 1) oi (4.2) foi points outside the 
magnetic media. But foi points of the magnetic media, 
Ai/' is no longer defined thiough equation (4.1), for A^ 
will then involve as a factor of the integiand. On the 
othei hand, giad i/', and At/' aie uniquely defined at all 
points of space by equation (4.2), since hcie \j/ Is d New- 
tonian potential function, Wc thus analytically extend 
the moaning of ^|/ foi points of the magnetic media by tak- 
ing equation (4.2) as its gencial delinition. The magnetic 
potential thus becomes a Newtonian potential function 
defined cveiywheie. The potential whose negative 
gradient is the magnetic intensity H, is thus the Newtonian 
potential foi a mass of volume density — div I and a sut face 
distribution of surface density I>n. 

S. The Equations of Poisson and Laplace. — Wc have 
already seen that the Newtonian potential function 
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satisfies Poisson’s equation 

A<^ = — 47rp 

therefore Poisson’s equation foi the niagiictic potential 
will take the form 

Ai/' = 47r div I (5.1) 

At the boundary of the magnetic media the i ight membei 
degenerates into 

4ir divs / = — 4T(ni /i + n% I 2 } ; 

the intensity of magnetization, h 01 I 2 , will be zcio if the 
magnetic material lies adjacent to a non-inagnctic media 
or free space. Also in free space cliv I is zero, so that 

Af = 0 

or Laplace’s equation is satisfied at points outside the 
magnets Then since 

—glad \}' = H 

Poisson’s equation may also be written in the form 

A^ = - div H (5 2) 

If we compare this equation with (5 1) we see that 

div {H + 4ir/) = 0 (5.3) 

and at a boundaiy of the magnetic media then 

divs (H + 47r/) =0 (5 4) 

This new vector, H Awl, which has incidentally aiisen, 
IS destined to play a fundamental idle 111 the theoiy of 
magnetism 

6. The Magnetic Induction, — The new vectoi, 
/I + 4jr/, which appeared in the previous section, is of 
fundamental importance This vector, which we shall 
designate by the letter B, is called the magnetic tnductioit 
or simply the induction, and corresponds to the electric 
displacement D, The induction B, defined in (c, e, m ) 
units by the equation 


B = H + Awl 


( 6 . 1 ) 
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is a souicc flee oi solenoklal vectoi, since accoidmg to 
equation (5 3) Its diveigencc is evciywhere zero But the 
divcigeiice of the cuil of eveiy vectoi is also identically 
/CIO, we may tlieiefoie look upon the induction as the 
cm I of anothci vectoi A and wiitc 


B = cm 1 ^ (6 2) 

The vectoi A fiom which the induction B may be derived 
is Mawell’s vectoi potential 

If we caie to diaw an analogy with clectiostatics, 
where the ti uc elccti Ic density was given by div D and 
divs Z>, we may wiitc 

Pm = div B, w,„ = divs B (6.3) 

foi the volume and suifacc densities of tiue magnetism 
But since div B and divs S aie identically zeio, p„ and 
u,„ aie zeio evciywheic We should expect this, since 
neilhei positive noi negative magnetism evei exists alone 
in natuie In evciy volume element of a magnetized 
medium they exist in equal amounts, so that the density 
of tiue magnetism is evciywheic zeio 

If Ave wiitc out Gauss’s theoiem foi the induction 


J^div Bdr ~ ^ 


B-nda 


we see that since the induction 5 is a solenoidal vector, 
div B vanishes, and we have the lesult that the total flux 
of Induction tliiough evciy closed suifacc is zero. Hence 
the vectoi lines of the vectoi B, the lines of induction, arc 
closed cmves, and the tubes of induction aie therefore 
closed tube.s. Some of the lines of induction may be 
closed at infinity, but none of them teiminate in finite 
space, foi If they did the flux of induction tluough a closed 
suifacc including these teimmals would evidently not be 
zeio, which avouIcI contiadict the fact that the induction 
is a solenoidal vectoi . 

7. Fictitious Magnetism —The magnetic intensity H, 
like the elccti Ic intensity F, is determined from its sources. 
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Since it is a lamellar or potential vector The souices of 
the vector H are found where div H is diffeienl fiom zero 
Since div B is eveiy where zero, and the induction B is t>y 
definition JEf + 47r/, we have 

~divH = -div/; ^divsiy =- divs /. (7-1) 

We thus see that the sources of the magnetic intensity arc 
situated not only in those regions occupied by pcrmanciit> 
and temporary magnetism of variable intensity of mag- 
netization, /, but also on the boundaries of these regions 
and at an interface of two different magnetic media with 
different intensities of magnetization In these legioiiiB 
we thus ficHHous magnehsm of volume and surface 

densities. 

p'rn = ~ div H, = L divs H (7.2) 

respectively. If we substitute the first of (7.1) into (5,1) 
we see that Poisson’s equation becomes 

= — 4irp'„. 

The conditions at the boundary are given by tho 
equations 

divs B ^ 0; curls if s 0 (7.3) 

the former leading to the second of (7.1) which may be 
written more explicitly m the form 

+ n2-/f2) = (ni 1 1 + n2>h) 

and the latter to 

curls H - (m X + nz X ^72) = 0 

at an interface between two magnetic media (1) and (2) , 
If we replace Hi by -grad ^i, and Hi by - grad ^s, 
these two equations become 

^ [hi grad + nz'grad ^ 2 ] =01 /i + m h 

Hi X grad ^1 + 02 X grad = 0 


(7,4) 
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In case one of the media, possibly (2), is non-magnetic, h 
will vanish, giving a special form for the first of (7 4), 
These boundaiy conditions (7 4) aie expressed in the state- 
ment that the normal component of the induction B, and 
the tangential component of the magnetic intensity H, 
are continuous at an interface of two magnetic media 
This situation is analogous to that holding for the electric 
displacement D, and the electric intensity E, at an inter- 
face of two dielectrics 

The explicit form foi the potential ^ in terms of the 
volume and surface densities of fictitious magnetism is 
easily found to be 

, 1 f p'JLt . 1 C 

* - cj — + -frjrr 

by substituting (7 1) and (7 2) into (4 2) The first 
integral is to be taken throughout the volume of all mag- 
netic media, while the latter is to be extended over the 
boundaries of these media. Again the potential just 
expressed, is a special solution of Poisson’s equation. 

8. The Potential of a Magnetic Shell — We define a 
magnetic shell as a surface distribution of elementary 
magnets with a common normal sense; each magnet has 
its center on this suifacc and its axis perpendicular to it. 
If the thickness of the shell is dn and the intensity of mag- 
netization I, then the modulus of the vector Idn, which 
we will designate by 4*, is called the strength of the shell. 
The vector Idn is evidently the moment per unit area 

The potential of the shell at a point P, outside the 
shell, given by equation (4.1), may be written in the form 

^ grad~dcr (8.1) 

where 6 is the angle (I, r ) , the vector / being normal to 
the surface of the shell at some point, M, while r is the 
vector drawn from M to P. The form of the potential 
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given here is the general form for the double layer potential 
In the study of this function, the stiength of the shell, <I>, 
plays the role of a density factoi diffeiing fiom zcio at 
points of the surface We auive at this idea in a moie 
exact way by talcing the limit of \Idn\, as dn appi caches 
zero, under the assumption that the intensity of mag- 
netization I increases without limit in such a way that the 
product Idn remains finite This limiting value of the 
modulus of Idn is taken as the density factoi , ‘h. 

If we cut the surface tr by a secant plane pei pendiculai 
to the normal to the surface at P and ncai to P, this plane 
will slice off a surface cap which we will designate as Ci 
We shall call the distance from the secant plane to the 
point P, «, Then as e approaches zcio the secant plane 
will approach as its limiting position the tangent plane at 
the point P, providing the ouentation of the secant plane 
remains unchanged Now the magnetic shell has natuial 
positive and negative sides, determined by the sense of 
the elemental y magnets Also the cap Ci together with 
that portion of the secant plane lying outside the boimdaiy 
of Cl divide all space into two paits We shall call that 
portion of space bordering on the positive face of the cap 
the positive side of the cap, and the other part the negative 
side. Also the solid angle subtended at a point P', by the 
boundary of the cap Ci, will be defined as positive oi 
negative according as P' lies on the positive oi negative 
side of the cap 

We shall choose the point P' on the positive side of the 
cap Cl, and at a distance r from an clement dor of the cap 
We shall now draw a unit sphere and a spheie ladius r, 
with P' as center. Then the elementary cone whose apex 
is P' and whose base is da cuts out a solid angle on the unit 
sphere which we shall call dfl, and the aiea da cos 6 on the 
sphere radius r, if 0 is the angle between the noi trial to the 
element da and the vector drawn from the point M of the 
element da to the point P', Since these areas aie pio- 
portional to the square of their radii (Fig. 2) , we shall have 
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and 


_ d(T cos 6 

yi 


whclc d’ is the siiength of the shell at the point of the cap 
Thus the potential of the cap at the point P' will be given 
by the integi als 

_ J«a 

whei e the second integi al is to be taken ovei that portion 
of the unit spheic lying inside the cone whose apex is P' 
and whose base is the boundaiy of the cap C\ If we call 
this solid angle O' and if <I> is constant for points of the cap, 
then 

= <I> O' 

But in the case undci considei ation the strength $ of 
the elonicntaiy shell vaiics ovei Ci so that if '5' and are 
the minimum and maximum values of <I> on Ci, then the 
potential at P' will be the pioduct of the solid angle 0 and 
some value of between '!>' and ‘5" We shall call this 
value <I’i so that 4’i0' is then the potential of Ci at P'. 

If we let P' appioach P, the solid angle 0' will approach 
as its limit the solid angle at P subtended by the boundary 
of the caji. If we call this solid angle 0, then the potential 
at P due to the cap will be equal to <5iO 

If we wiite tri foi ff — Ci, then the potential at the 
point P of the shell is 

pco5%^,^^Q (8 2) 

Jn 

Since the integi al ovei ai is finite and is finite, we con- 
clude that the potential 


'<I> cos Oda 
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at a point P' outside the shell converges, i.c., appioaches 
a finite value, as P' approaches the point P of the shell 
But as e approaches zero oi as the secant plane appi caches 
the tangent plane at P, the solid angle will appi each the 
value 2ir if P' is on the positive side of Ci, and ihi will 
approach the value at the point P while the integial 
over <Ti has as its limit the integial over <r. In the limit 
then we find that 

, _ Ah cos Odir 




is the value of the double layei potential at a point P of 
the shell when P is approached ftom the positive side of 
the cap But we have already proved (8.2) that in this 
case is finite, hence the integral in the above equation 
is a convergent integral. 

Had the direction of approach been towaids the nega- 
tive face of the shell, the additive term, would have been 
— 2‘?ri> If we discriminate between these two values of 
yp, calling the former and the lattei yp„ wc may write 

, __ cos dd<T 


-h 27r'I> 


- 1 ^ 


$ cos Oda 


27r#. 


(8 3) 


If we combine these two equations, wc shall get the equa- 
tions 

~ = 47r$ 

cos dde 






(8.4) 


These results are extremely important, the first equation 
in the study of current electricity, while both equations 
are used in the modern proof of Dirichlet’s principle, which, 
of course, is out of this province 
The double layer potential 

, cos 6d<r 
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is a unique single valued function of the point P, at every 
point of space; this fact is expressed foi points of the shell 
by equations (8 3) The value of the function at a point 
of the shell is the value of the integial taken over the 
shell when P is a point of the shell ; we have pi oved that 
this IS a convergent integial But we have seen that the 
function appioaches the shell discontmuously , it does not 
conveigc to the value of the function at the point of the 
shell appioached, but to this value, H-2Tr4> or — 
accoiding as the approach is towaids the positive or nega- 
tive face, respectively. 

Just as the elccti ostatic potential had a natural zero 
value at infinity, so also has the scalai magnetic potential 
Thus, since 

d^j/ = giad^ dr 


and 


H = - giad^ 


we may write the double layer potential as the line integral 

fH dr ( 8 . 5 ) 

t/oo 

where it is assumed that ^ vanishes at infinity This 
assumption only fixes the additive constant, whose value 
IS immaterial The path of integration fiom infinity to 
the point P is aibitraiy since the integial depends only on 
the end points of the path4 This function has a unique 
value at a point Pa, taken ncai the positive face of the shell 
If we extend the path of intcgiation from P 2 around the 
edge of the shell back thiough the shell to P 2 the function 
will assume its oiiginal value at P 2 , 01 the circulation 

integral, H dr, from P 2 around through the shell tn 

poslUve sense back to P 2 , is zero Also, accoiding to the 
fust of (8.4), xj/o - so that (and this is another 

important result foi cun cut electricity) the circulation 
integral (01 the magnetic potential) increases by 47r4> in 
passing through the magnetic shell in positive sense. 
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IL may be well lo slate explicitly again the conditions 
under which these impoitant icsults have been obtained. 
For points of the magnetic media we have seen that tp 
must be defined by the equation (4 2), 

^ _ r div Idr _j_ r i nda 

Jr J r T 

in Older that iiT = — giad ^ and Ai/' have a meaning at 
such points Accoidingly, at points of a volume distri- 
bution of magnetism, we found that 


h)p = 4ir div / = — div H 

while at the boundaiy of such media this result degenciated 
into a siufacc diveigencc oi 

— divs giad ip -+ divs H 4 .-^ divs I 

and nioie explicitly 

— (ni Hi 1 x 2 H 2 ) ~ 4ir/ 02 , 

This shows just how the intensity H behaves at a point 
of the double layei, foi the last equation may be wiiLtcn 
in the form 


— {H 2 — Hi) ndn = ^^vldn-n 


where n — 02 = — Oi Since \ Idn\ = <I>, the light mcmbei 
of this last form is 4Tr4>, while the left membci is that cle- 


ment of the cii dilation 


integral ^ H 


-dr at the point P of 


the double layci Our results hold at eveiy point of a 
complex shell, #, the stiength of the shell, being a vaiiablc 
point function, the simple shell, $ constant, is a special 
case which needs no sepaiate treatment 


9 The Energy of the Magnetic Field.— In the study of 
the potential eneigy of the electric field we obtained the 
fundamental result (I, 7 4) that, if the potential function 
vanished at infinity, the potential energy of a chaigc g, 
at a point P, in an electric field, was equal to the product 
of the charge and the potential at the point P, Since the 
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magnetic potential is a Newtonian potential function, we 
can apply this lesiilL diicctly to an elemental y magnet 
whose negative pole of pole stiongth )n is at a point P , 

If the potential at the point P, due to ccitain magnetic 
media, is then the potential at the positive pole will be 
i/' + #, so that the potential encigy of the magnetic 
doublet is 

~ mil/ + 4 - == 

=mdr glad ^ = m giad ^ 

wheie wo have wiitten the vcctoi m foi the moment ntdt 
of the doublet as foimeily. 

Also the mutual potential eiieigy of a system of n 
electiic chaiges was given (I, 8 3) by the expiession 

» 

1-1 

the sum of one-half the potential cneigy of each chaige. 
This icsult is diiccLly applicable to a system of n clctncn- 
taiy magnets, oi one may go thiough the longer pi occss of 
biinging the doublets ui) fiom infinity in Older. In cither 
case, we aiiivc at the icsult that the mutual potential 
eneigy of the system of magnetic doublets is 

» 

giad<^„ 

where i/', Is the potential function at the point Pi of all the 
doublets except the doublet whose moment is m,. If 
thcic IS no induced magnetism in the field, the potential 
eneigy foi a continuous distiiljution of permanent 

magnetism of intensity of magnetization /, thus becomes 

Wm - I giad pdr = — ij I'Hdr (9.1) 

wheic the intcgial may be taken thioughoiit all peimanent 
magnets, oi thioughoiit all space, since the vector I is 
zeio outside the magnetic mateiial. 
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If WG replace the intensity of magncti/ation /, in cqua- 

1 

tion (9 1), by its equal — H), the potential cncigy 

47r 

will assume tiie form 


W,. = - (B - H) Hdr 

where the integration is extended thioughout all space. 
It IS easy to piove that in a magnetic field due to mag- 
netic media only, the first integral, ^ B Hdr, vanishes 

when taken throughout all space. This may be seen by 
first replacing the intensity H by — giad and then, 
transforming the resulting integrand, B giadi^, by formula 
(17a) 

divi/'5 =^div B -f 5*giad^; 
we find that the integral 


^B-Hdr =-^dl■v^(^Bdr■{■ div Bdr, 

Since div B is identically zero, the second integral in the 
right member of this equation vanishes, and if we sui round 
all magnetic media by a spherical suiface c, we may 
transform the first integral by Gauss's theorem into the 

surface integral fjB ■ nd<r. But the induction 
B — H = — grad 


in free space, so that we may replace the Induction B by 
— grad in this surface integral; we will thus have finally 


J B Hdr — Ji' grad ^’Tida. 


The potential f vanishes like r-^ at infinity, and its nega- 
tive gradient like while the spherical surface becomes 
infinite like r^, we may conclude that this surface integral 
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vanishes in the limit as the lachiis of the sphere increases 
without limit, and that the volume integial, B Hdr, 

extended thioughout all space, is zcio * 

The potential encigy may thus be wiitten in the simple 
form 

whctc the mtcgial is to be taken thioughout all space. 
This is Maxwell’s lesult t 

This icsult of Maxwell, though couect, must not be 
wrongly interpicted; if ~ is to be intcipieted as energy 

OTT 

per unit volume it must be thought of only in an average 
sense* The possible ciior in mtei preting Maxwell’s result 
lies in the fact that the encigy in the legions occupied by 
magnetic media is not put into evidence. If we can sepa- 
rate off this puiely local pait of the encigy, we shall be in a 
position to dcfiine the cneigy density at every point of 
space. 

In doing this we shall take the moie general case where 
induced oi tempoiary magnetism Is in the field of the 
peimancnt magnets. The total eneigy will be the work 
done in bringing the permanent magnets up from a state 
of infinite dispcision, the induced oi tempoiary magnetism 
adjusting itself at eveiy step of the pioccss. This energy 
will evidently be given by formula (9 1); m form this is 

* For El mote detailed pi oof we may replace r in the polenLial function and 
its gradient by its minimum value, ro, we shall then have 

if. I 

U 1 ^ - I I p\ndr I = Y 

Tq J 

fSomc of Livens’ cutitisim aic pertinent here Livens points out that 
the treatment of the subject of magnetic eneigy “in the usual text-books is 
hopelessly confused ” Ihis is due to reasoning by analogy and a lack of 
discrimination between potential and kinetic energy See . wens 
"On the Mechanical Relaliona of the Energy of Magnetism, Roy Soo Proc , 
Scr AV, 93, 1916-17; also “The Ihcoiy of Electricity," Art 470, p. 417 
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the same as though no temporary magnetism wei e present, 
but m fact it is different, since the magnetic intensity H 
IS different In this case the sources determining the lamel- 
lar vector H arc not only on the inteiior and on the bound- 
aries of the peimanent magnets, but also on the interioi 
and the boundaries of the temporal y magnetic media. 
If we wiite h and 1 foi the intensity of magnetization of 
permanent and temporal y magnetism, icspectivcly, equa- 
tions (5 3) and (S 4) will take the moie explicit foim 

— div if = 4ir div (/o + I), — divs if = 47r divs (/o + /) 

which indicates clcaily just wheie these souiccs arc The 
magnetic induction B, given by equation (6 1), may also be 
written more explicitly in the foim 

S = H -t- 47r(/o -b /) 

or preferably 

H = B - 47r(7o -f 1) (9 2) 

In this notation the potential eneigy of the magnetic 
held under consideration is given by equation (9.1) if 
we replace I by h in that equation, or 

W„ = - i J/o Hdr (9.3) 

This integral may be taken throughout all space, since it 
vanishes outside the permanent magnetic material. 

To put into evidence the local pait of the cncigy 
we shall multiply equation (9.2) scalaily by the vectoi 
B 4ir(/i) + /), this gives 

B JI + M/o ff+ Iff) = B^ - 16r^(Io -b 7)2 


If we multiply this equation by dr and intcgiatc thiough- 
out all space, we shall obtain the equation 

47rj"7o Hdr =J[52 - + l)^]dr-^-K j I Hdr 

the integral ^ B Hdr vanishes for a field occupied 


Since 
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by magnetic mateual only But the left member of this 
last equation niiiltipliecl by “ ^ fbe potential energy of 
the magnetic field, oi we have 

W,„ = - J [B^ “ + mdr + I Hdr (9.4) 

From this lesult we can icad oft the eneigy density at 
evciy point of space Thioughout fiee space /o and I 
aic zcio, so that the field oi cthcical cneigy density is 

Stt Stt 

a icsult just opposite in sign *' to the aveiago eneigy 
density of Maxwell and the field cneigy density given by a 
numbei of wiiteis. The negative sign is not only a con- 
sequence of a logical deduction, but it is also a necessaiy 
fcatuie in a consistent thcoiy of magnetic energy. This 
fact will appeal moic cleaily when we study the magnetic 
eneigy of the clectiic cuiient. Hcic also we shall see that 
the cthcical eneigy density plays the impoi tant 1 6 le , this 
fact and the way the induction cnteicd the theory is the 
icason why B is legaided as the fundamental vector in the 
thcoiy of magnetism. 

The teiras involving /» and I constitute the puiely 
local pait of the cneigy, while the second integral in the 
light meinboi of (9.4) is the stiain cneigy due to the polar- 
ization of the tcmpoiaiy magnetic media Undei the 
influence of the magnetic field, the elemental y magnets of 
this media aic displaced fiom theii chaotic, magnetically 
ncLitial stale. The icsistance to this stiain becomes 
active in pulling the tcmpoiaiy magnets back into their 
oilginal state when icmovcd fioin the magnetic field It 
isnatuial to intcipictthc tci ms in /symmetric to lo in the 
potential cneigy function as purely magnetic energy, and 

*It is tliH (lisciepancy lu sign tlial is the subject of Livens' criticisms, 
See Livens, loc ctl 
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take the non-symmetuc term as the stiain ciicigy of tem- 
poral y magnetism 

In the case of a weak magnetic held the simplest 
assumption that can be made concerning induced magnet- 
ism IS that / follows the hneai law 

I = ii'H 

then 

H = 1(5 - 4ir/o) 

where ju is written foi 1 + 4^^^' If we foim the scalai 
product of the vector, B + 4Tr/o, with each mcmbei of the 
last equation and integiate thiougliout all space, as in the 
previous case, we shall find that 

=- - 167r2/o2)dT. 


The total energy density in the tempoiaiy magnets is 
— 5 — . If there is no temporary magnetism in the field 

oTT/Ll 

52 

this becomes — and the last equation reduces to 

OTT 

IF. = - (52 - i67r2/o2)dr 

since is unity in free space and also in the permanent 
magnets 

In the temporary magnetic media where Jo is zero, 


5 = (1 + 47r/)^^ = nH 

a relation frequently written If this relation is to hold 
in general, then n is a, very complicated function of the 
intensity H 

The factor, ju, introduced above and called the per- 
fneabthty, permits us to classify vaiious substances with 
respect to the effects produced on them by a magnetic 
field The permeability, assumed to be unity in free 
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space, is unlike the dielectric coefficient in that it may 
assume negative values. Substances fot which this is 
tiue aie called dtainagneitc. A medium foi which /n is 
constant and gieatci than unity is called paratnagnehc, 
while sl ferromagneke substance is chaiacteuzcd by having 
its permeability greater than unity and variable. This 
is a charactci istic of the vaiious kinds of iion. 

It is well to emphasize the fact that, in the theoiy of 
magnetic encigy, we aie still dealing with aveiage values; 
even the elemental y magnet is composed of many mole- 
cules The question of the nature of magnetism docs not 
aiise heic. To establish a thcoiy of the nature of mag- 
netism on the election hypothesis, it is nccessaiy to pick 
the atom to pieces. Then Rowland's experiment demon- 
strating the existence of a magnetic held accompanying a 
pine convection cuiient leads us to the conclusion that the 
1 dative motion of every bound electron in its oibit con- 
stitutes an electric cuiient with an accompanying mag- 
netic field. A confiimation of such magnetic effects is 
obtained thiough the moic refined measuring instiument, 
the spectrum. It is due to the fact that div B is every- 
wheie zeio, and that on the average the vector H has no 
vortices in the magnetic media, that we can conclude that 

the intcgial B-Hdr, taken thioughout all space, 

vanishes if the magnetic field is pioducod by permanent 
magnets only. 

10. Dielectric Polarization. — ^Wc have seen (I, 13.6, 
13 7) how the electric potential was determined from the 
souiccs of the intensity E\ these souices wcic found to be 
in those legions wheic div iS and divsJE were different 
fiom zeio. This state happened at the true charges, and 
all points of a dielectric medium where the dielectric co- 
efficient e was a vaiiablc point function, and at an interface 
of two isotiopic dielcctiics of different dielectric constants. 

Under the electron hypothesis it is easy to understand 
just what happens when a dielectric is brought into an 
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electrostatic field The field intensily acting on the dielec- 
tric has a tendency to diive all piotons in the positive 
sense anc all the elections in the negative sense along the 
lines of intensity But since the dielcctnc is a non- 
conductoi, neaily all electrons aie strongly bound to the 
positive nuclei, and there icsults a strained condition m 
e le ecti ic, a displacement of the positive and negative 
c aips along the lines of intensity into a system of 
ipo es or double souices This stiained condition is 
hypothecated in the relation 


The potential <^, whose negative gradient is the field 
intensity E, may thus be thought of as due, paitly, to a 
surface layei of true electricity on the conductois, and 
partly to the polarized dielectric We shall call the con- 
tribution to the potential due to the true chaiges spiead 
over the sui faces of the conductors ^o, so that 

00 = J 

Then the potential due to the dielectric polarization will be 
<0 00. We shall write P for the mtenstiy of polanzalion, 

or simply the polarization, and define it as the resultant 
tnoment of the moments of all doublets m unit volume, just 
as we defined the intensity of magnetization. Then that 
part of the potential due to the polaiized dielectric will be 
Identical in form with the magnetic potential (4 1), or 

0 - 00 giadi/idr (10.1) 

where the integral is to be taken throughout all dielectiic 
media 

We now wish to express the polarization P m terms of 
the known vectors D and E, already intioduced. We can 
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easily do this if we identify the abbve equation with the 
clectiic potential pieviously obtained (I, 13.7) 


wheic 



~ cliv Ey co' = ~ divs E, 
47r 4ir 


heie the suiface density u' includes the suiface density of 
the tiiic chaigcs on the suiface of the conductors The 
potential due to the polaiizcd diclcctiic thus becomes 


^ — <j)0 = 


C p'dr I r w'da _ f older 

J~ r J„ r 


which we may wiitc in the foim 

, j if div Edr I 1 


clivs Edcr 


-fj 


divs Ddcr 


( 10 . 2 ) 


If wc apply the tiansfoimation theoicm 

div = <)!> div u + u giad d> 

to the intcgial in (10.1) wc shall get the integrals 

f ,. P , C div Pdr 

J d,v„-ir 

for the light membci of that equation. The fiist of these 
integials is tiansfoiined by Gauss’s theoiem into the 

integral , wheic the integral is to be taken over 

the boundai ics of the media so that equation (10.1) becomes 


(10.3) 

When we compaie equations (10,2) and (10.3) we sec 
that at all points of a dielectiic medium 

—div P ~ div E. 
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This clififerential equation is satisfied by the equation 

p—Ib + d 

since div D is zero at points of the dielccti ic if no ti ue 
charges are present. We have also chosen the D positive 
so that the polaiization vanishes in free space, as it should, 

since here 2) = J_ 

4x 

At an interface of two dielectrics with different dielectiic 
coefficients, n P becomes 

^1 • f*i + 02 • = — divs P 

If we compare the surface integrals ovei the surfaces of 
the dielectrics given in equations (10 2) and (10 3) we sec 
that 

—divs? = ^divsiS. 

4ir 

And since we are assuming no real charges in the dielectiics 
or on their boundaries in general, the surface divergence of 

D vanishes at an interface between two dielectrics, so that 
again 

P =~^E + D 

47r 

which satisfies the condition that P vanish in free space, 
t the surface of a conductor bordering on a dielectric 

n P = 0 }' - 03 
or . 1 

—divs P = ~ divs E — divs D 

the surface divergence degenerates at the surface of a con- 
ductor, since P, E, and D are zero in the conducting 

medium The last equation may thus be written m the 
form 

" ^ + n D 

where the unit normal n, at the surface, is directed into the 
conducting medium 
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Ftom these results we conclude that the polarization 
P is always given by the equation 

P = D-±E. (10.4) 

From equation (10.3) we see that thesoiuces of the vectoi, 
E, may be expressed by the equations 

p' = — d»v P, w' = — divs P 

as well as by the foinis pieviously given (I, 13 4). 

The fictitious elect! 1 C density or the polaiization effects 
aie thus seen to be due to the constitutive electric charges 
of the dielectiic. In this sense the fictitious density is a 
true elcctiic density. In the normal slate every clement 
of a clielecti ic is electrically neuLi al , but when placed in an 
elcctiic field the elcctiic coipuscles constituting the medium 
are shifted in such a way that evciy volume clement is 
chaiged oi becomes a ical souice foi the clectiic intensity. 


EXERCISES 


(1) Give a second independent deduction for the potential 
of an elementary magnet 

(2) Use the full foim for the potential of a small magnet in 
deducing the potential foi the continuous distribution of mag- 
netism, thus showing how the second and liighci order terms 
diop out 111 applying the fundamental law of the integial calculus. 

(3) Give a diiect pioof foi the coiiveigence of the double 
layer potential if <I> is constant ovei the shell 

(4) Pioduce the details of the pioof that 

Wm = grad 


by bringing the doublets up fiom infinity, as suggested in 
the text 

(S) Finnish the details of the proof that the integral 




B-Hdr 


0 when extended throughout all space, as suggested 


in Art. 8. 
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CURRENT ELECTRICITY 

1 The Electric Current* — If the chaigcd plates of a 
condenser be connected by a coppei wiic, a ciiuent called 
the conduction current will flow thiough the wuc, and in a 
fi action of a second the condensei will be dischaigcd 
The sense of the current will be defined as positive fiom the 
positive to the negative plate thiough the condiictoi , the 
sense of the curient thus agiees with the sense of the lines 
of intensity, £, or the positive sense of the cm i cut is the 
sense in which a positive charge would be diiven thiough 
the wire 

Before the contact is made there is a definite diffciencc 
of potential between the two plates, oi between cvciy two 

points of the field, defined by the line integral — ^ E*dT* 

This difference of potential depends on the initial and 
terminal points only , it is independent of the path and of 
the time During the discharge of the condenser, how- 
ever, there is no difference of potential in any proper sense j 
the intensity, becomes a vector point function varying 
with the time, and the line integral is thus no longci inde- 
pendent of the time In this case, the line integial is 
called the electromohve force If the plates of the condenser 
are connected with a voltaic cell, the charge on the plates 
may be maintained constant. In this case a constant oi a 
steady current will flow through the wire, the intensity, E, 
will be independent of the time, and the electromotive 
lorce again becomes the difference of potential. 

Every change in a current affects the field intensity 
at every point of space The effects of the change are not 

76 
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iniinediatcly disceined at a distant point, for it takes time 
foi a distuibancc to tiavcl fiom the conductoi to the point. 
In many cases this delayed cftect may be neglected, this 
is done by assuming that the adjustment is made so quickly 
that the cm lent may be icgaided as steady at that instant. 
When such condiLions peisist the cuiicnt is leimed quasi- 
stalwmry, and the c m f. at a given instant is the diftei- 
ence of potential of the field at that instant 

2 . Current Strength and Current Density. — In the 
pioccss of clecti olysts, which is known to cvciy student of 
elemental y physics and chcmistiy, the clecti olyte is ionized. 
It is continually being decomposed into positively and 
negatively chaigcd pai tides oi ions The auion ot nega- 
tive ion appeal s at the anode, at the electrode oi plate where 
the cuuent cnteis the clecti olyte, while the cation, the 
positive ion, appeals at the cathode oi at the clecti ode 
whcie the cm lent leaves the clccLiolytc Theie is a con- 
tinual diift of the ions thiough the electrolyte along the 
lines of intensity. The positive sense of the cuuent 
thiough the clecti olyte will evidently be fioin the anode 
to the cathode. 

To aiiive at a moic exact definition foi cuuent or 
current 'itrengih, we shall considci an element, da, of a 
gcomctiic sin face acioss the electi olyte, If iV, positive 
natuial unit chaiges, e, cioss the clement of suiface dining 
the time dt, with a velocity Vi, then this quantity, JVtC, of 
clecti icity will be contained in a cylindei whose volume is 
dtVt ndcr, v,dt being a diicctcd element of the cylindei 
and da cos (u„ n) a light section. If the quantity p, is 
the clcctiic volume density of the elccti icity which crossed 
the suifacc clement with the velocity v„ then the quantity 
of electricity, N,e, may be given as the pioduct of the 
volume density and the volume of the cylindei , oi 

N,e = d/piVt nda. 

The density, p„ Is the numbci of such chatges per unit 
volume, 01 if the gcomctiic suifacc intcisccts some of the 
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unit charges, then, moie generally, p, is chaigc pei ' 
volume. On the other hand, electrons crossing the 
surface element with the velocity — u,, dining the S' 
time interval, dt, would be equivalent to the same niuTi 
of positive unit chaiges crossing in the positive sc 
Or revising the volume density, p., to include the adclilu 
positive charge that we may include in the cylinder^ 
may say that the total charge crossing the surface eleiT 
in positive sense is given by the equation 


(■iV, + 71 , )e = dtptVt'Udff, 

If we take into account all quantities of electricity cios? 
the whole surface a with their various velocities duJ 
the time interval dt, and call this quantity dq, then by 
fundamental law of the integral calculus we shall have 

dq = dt y^p.u.-ndiT = dt Cpv-ndar 

1- 1 J" 


foi the quantity of electricity crossing the surface. 

write J for the differential quotient, then 

dt 


If 


J 


dt 


pv-ndiT. 


The quantity J , or the charge crossing the surface pei i 
time, is called the current strength, or simply the cur 
across the surface The vector quantity, pv, from its a 
nature is called the current density or (since the charges 
convected or transported by matter) the convection * 
rent density. 

3. The Conduction Current. — On the electron hyp< 
esis, the current through a metallic conductor is a coil'' 
tion current. It has been pointed out that the proto 
never dissociated from matter, and the electron, on 
constitutive theory, like the proton, is a part of all mat 
So if we had taken the surface <r, across the conductor j < 
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ing the plates of the conclensei, we would have arrived at 
the same result n 

/ = j pV'Ttda (3.1) 

The conduction curretit dennty, which we shall indicate by 
the vectoi i, is thus seen to be the convection cun cut 
density thiough a metallic conductoi. It is now quite 
gcneially believed that the diift oi diffusion of elections 
only, tluough the conductoi, constitutes the conduction 
cuiient. The elections in the conductoi that aie ficc oi 
loosely bound to positive nuclei aie diivcn thiough the 
mateiial of the conductoi towaids the positive plate, 
these aie leplaced by the elections fiom the negative plate 
till equilibiium is established. That this Is so is evidenced 
by the fact that the electron is moie mobile than the pioton 
and the election is the same wheievci found; so that a 
diift of elections fiom one conductoi to anothei of different 
material would not change the chaiactei of the mateiial. 

4. Maxwell’s Displacement Current. — If the conductoi 
is a lineal conductoi, one of unifotm cioss-section, and if 
its mateiial is isotiopic, the lines of intensity E, oi the lines 
of flow, will be paiallel to the axis of the conductoi, and the 
cut rent will spiead out unifoimly ovei the cioss-scctions. 
This Is a natuial assumption, since the most diicct path 
from conden.sei plate to condensei plate thiough the wiie 
is pcipendicular to the cioss-sections of the wiie. Duiing 
the dischaigc of the condensei the cuiicnt stiength, /, 
acioss a light section of the conductoi, will be just equal to 
the time latc of dischaigc of the positive plate, since the 
flux of the cm lent density, i, will be a maximum foi these 
normal sections. 

Thus, if we enclose the positive plate of a paiallel plate 
condenser by a suifacc er, which encloses the positive plate 
only and which cuts the conductoi in a light section, then 
the charge on the positive plate will bo given by the 
equation 

2 « 


/. 


D-ndtr 
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according to our revised clectiic flux theoiem, and 


dl J, dl 


nd<r 


IS the time rate of dischaige of the positive plate But ^ 

is here negative, since nda is a dcci casing function 

of the time during the dischaige of the positive plate 
We thus see that 

'dD 


J 




dt 


nda 


and since i Is zero at all points of a except whcie this suiface 
intersects the conductoi, wc may wiltc 


or 

Since i is current density, it is natuial to intcrpiet “ as 

dt 

current density, it is in fact Maxwell's dtsplacement cur- 
rent density It represents the time late of change of flux 
of the displacement through an arbitral y suiface element 
at a point of the dielectric pei unit aica, or it is the time 
rate of change of the displacement i> at a point of the 
dielectric 

S. The Total Current a Source Free Current. — If we 
write C for the current density i + and apply Gauss’s 
theorem to equation (4 1), we shall get 


J C ndc = J^( 


div Cdr ~ 0 


To satisfy this equation we may assume that div C = 0, 
but this is a sufficient and not a necessary condition, 
This result, however, leads us to Maxwell’s fundamental 
assumption that the complete current is everywhere source 
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free, Of the vector lines of the vector C are closed curves, and 
diy C u everywhere zero This is a fai -teaching, simpli- 
fying assumption, to wliich Maxwell owed his success, 
while contempoiaiy continental wutcis became hopelessly 
involved 

To Maxwell, the conductoi and the diclectiic constituted 
a comfrlele cuiient ciicuit, and the conduction ciuicnt 
density found its counteipait in the dielectric cm lent 
density, the sum of the two being the complete ciiucnt 
density C, whcie 


Should a medium suppoit a conduction cm i cut, a clisplacc- 
ment cm lent, and a convection cimcnt at the same time, 
the complete cm i cut density, C, will be given by the sum 
of thcii lespective cm lent densities, oi 

= I -I- ^ -I- (5.2) 

If we legal d i as a convection cm lent density, then the 
vocloi i may lie omitted oi legaidcd as included in the toim 
pu. In any case we make tlie assumption that 

div C S3 0 ( 5 . 3 ) 

wheic C IS the total cuiicnt density This gcneial assump- 
tion of a souicc f 1 ce cuiient will lead to satisfying icsults 
in the sequel 

6. Ohm’s Law.— If we legaid the diift of the electrons 
through a conductoi as adinusioii piocoss like the dliTusion 
of one gas thiough anotliei, then the foice pioducing the 
motion, instead of being pioiioitional to the accoleialion, 
is pioportioiial to the velocity. Undei this assumption, 
we have foi an isotiopic conductor, since i ~ pv, 

i = kE (6.1) 

wheic the constant k, called the conductivity, is a constant 
of the mateiial of the conductoi and subject to experi- 
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mental (letenninalion. Mtiunlittn (<*11 ii^ninlly n-fiTitd 
to as the difTeienluil fmm tif Oliiu's law. 

To obtain llm inlt'Ktnl foim we will Mnilii|ilv etin.ilimt 
( 6 . 1 ) ftoaluily by (he vedor dm nr ndatt\. wIum' n i t ilu- 
unit normal lo the auifnce eleineiil /Ar. 1 ( we iiihKitUe 
tlnouRhout a aeKment of tin* eoinbit lor beiweni the 
normal seetioiiM tlimuKli the poinn l\ .nnl l*j, /’i beiiiK 
point of Imver potential than /’j, we imil lhat 


// 


i'tulad'^ 



• nihrd\. 


If we asanmc that the eurient U nie.nly iiml the nmdnelor 
isotropic, then fot a {ontlneUn of nnifniiti ntM M*t lion ibe 
Older of integiation is imnmterini, \\V mnv tluH write 
the above double intograla an iterated iuteginlf* tuul in ihi* 
foims 



where we have written dr for its i*(juul </j;n. 1 he (ir^t •anr-' 
face iiitcgial is the current Htrengtli J, « eonwtant, mt iJuii 
the left mcmbei becomeH —sJ, The iieKalive «»jgn is dtre 
to the fact that the line integral from /’i lo In in n "iejiwt* 
just opposite to the sense of the eurieni, so if s h lukeit 
positive born Pa to P,, which Is the positive sense of lire 
current, then it is negative when measured fiom P\ lo /*a. 
Since JS «« — glad d>i it will be clear lhat the right inemlaT 

is •— K<r(0!i “• <l>i)i or upon ct]iialing these rt*Bull8 we find 
that 

d >9 “• ■' J 

Kff 

or 

<l>a tf>i “ PJ 

when we write R tor — . 


( 6 . 2 ) 
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Equation (6.2) is the integial form sought The new 
factor, R, is called the icsislancc It is seen to be piopoi- 
tional to the length of the segment of the conductoi and 
inveiscly pioportional to the pioduct of the conductivity 
and the cioss-scctioiial aiea. It also depends on the chai“ 
acter of the inateiial, and like the conductivity, it may be 

expel hnentally detci mined The facLoi 1 is sometimes 

K 

refeiied to as the resistivity. 

The integial foim of Ohms law is usually given as an 
empiucal foiimila, its validity has been veiy caiefully 
tested. The diffeiential foim is applicable to evety type of 
conduction cuiient and also to eolotiopic condutlois. If 
the inateiial of the conductoi is eolotiopic the conductivity 
may be a homogiaphy, and the cuiient density a linoai 
vectoi function of the intensity. 

7. Kirchholf’s First Law.— If we apply the assumption 
of a souicc fiee cuiient to the situation consideied in equa- 
tion (5.1), then 

div C s ^div H- = 0 (7.1) 

where we have leplaccd div £> by p, the clcctiic volume 
density. For a steady cm tent (lowing in an isoLiopic 
lincat^ conductoi the displacement D, and Lheiefoie the 
electiic volume density p, will be independent of the time, 
so that equation (7.1) i educes in this case to 

div I = 0. 

This is Kiichhoff’s fust law. It exj)! esses the facts that in 
case of a steady current (here is no l>iling uJj of either positive 
or negative electricity w any volume element, and that the 
current strength, J, across evoiy section of the conductor is 
the same. These aie the lesults to be expected fiom a 
steady cut rent, in fact, if thcie wcie a piling up of electiic 
charges m some volume element of the coiiduotoi, the 
intensity, B, would change, and the cuiient would cease 
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to be steady We may also conclude that the lines and 
tubes of intensity outside the conductor, which terminate 
where the density p 0, must teuninate at the suifacc 
of the conductor Experiment shows that this external 
field is static and takes no pail m conduction. 

We have seen (I, 14.1) that at an mteifacc 

\Ex\ sin ai = \E 2 \ sin a 2 

So if E 2 IS the intensity just inside the suiface of the con- 
ductor, E 2 will be paiallel to the suiface, and the angle 

012 will be and theiefore \Ei\ sin ai = \E 2 \. So in gen- 
eral the intensity, Ei^ is oblique to the suiface of the con- 
ductoi, For a perfect conductoi, Ei could be noimal to 
the surface, in tins case the resistance would be zeio and 
the conductivity infinite Also since 

£2 ^ 1 =. 0 

K 

the angle ai must vanish, making Ex noimal to the surface 
of the conductor in this case Since the displacement and 
the electric intensity aie parallel foi an isotiopic dielectric, 
the displacement lines and tubes will in general be oblique 
to the surface of the conductor, 

For a variable current, equation (7,1) operates, or in 
every volume element there is an electric volume density 
changing with the time, as we might expect. 

8 The First Putidaniental Law of Electrodynamics. — 
In 1820 Oersted discovered that the electric field of the 
electric current, unlike the electrostatic field, is always 
accompanied by a magnetic field The lines of magnetic 
intensity, ff, are closed curves threading the circuit. The 
sense may be determined by grasping the conductor with 
the right hand, the thumb in the positive sense of the 
current; the fingers will then be pointing in the positive 
sense of the lines of magnetic intensity The experiments 
and discoveries of Oersted were interpreted three years 
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later by Amp6ic in his fundamental mtmoiie on clccUo- 
dynamics * 

His principal deduction may bo stated as follows 

Ij a current flows in a small plane circuit, the magnetic 
jield produced at points whose distances from the circmt are 
large compared to the dimennons of the circuit may be repro- 
duced by a small magnet with its center in the plane of the 
circuit and its a\is perpendicular to the plane, and whose 
strength is proportional to the product of the strength of the 
current and the area of the circuit The substitution becomes 
the close! the smallci the ciicuit 

If we choose to mcasuie the cuiicnt by its magnetic 
effect, we may define unit cuiicnt as that cm lent flowing 
in a circuit of unit aica which pioduces at its centci a 
magnetic moment of one unit. Thus one (c. c. m.) unit 
cuiicnt is a cuiicnt flowing in a ciictut of one squaic 
centiraelei aiea pi educing one (c c. ni ) unit moment. 

The above deduction by Amp6ie may be applied to 
every cuiient ciiciiit by conveiting the circuit into a sys- 
tem of mesh ciicuits, ic, into a nelwoik of condticlois 
having the oiiginai ciicuit foi the boundaiy of the net. 
The cun cuts in the mesh ciicuits aie assigned the same 
strength, J, as that of the oiigtnal cm lent. That the sys- 
tem of mesh cuiients is equivalent to the oiiginai cuiienL 
IS seen fiom the fact that all nie.sh cuiients will cancel olT, 
since eveiy segment of a mesh plays the i6le of conductor 
for two cuiients of equal stiengths but of opposite sense, 
thus leaving the oiiginai cuiicnt, /, in the oiiginai ciicuit. 

ccoiding to Ampule’s piinclple, each mesh tuiicnt may 
be icpiaccd by an clementaiy magnet of stiength / whose 
center is in some siiiface containing the net and whoso 
axis IS noimal to this suiface. As the numbei of meshes is 
mcicascd without limit, the area of the suiface hounded 
y each mesh ciicuit appi caches a plane aiea as its limit 
and the distiibution of magnets leplacing each successive 

IV, dectio ttyimimquos," Meiiiones ile I'lmiiltil, 
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mesh system approaches a magnetic shell of sliengtli J as 
its limit. We are thus led to Ampule's fiindamenlal 
theorem 

The magnetic field produced by an electric current jloiving 
through a linear conductor may be produced by a mognelic 
shell whose boundary cotnctdes with the conductor and whose 
strength is eqiial to the strength of the current measured in 
electromagnetic units. 

Such a shell and its corresponding circuit will be spoken 
of as equivalents 

We found that the magnetic potential 


grad f dr = dr 

IS a unique single valued function of the point P, inde- 
pen ent of the path of integration So if the integial is 
a en rom the point P, aiound a contour back to the 
point P again, the contour integral is zeio, even if the 
S? i *"*7^ tion passes through the shell But we have 

of the shell is J, this coiiloiir 
he S/,r"^"' the shell in 

ites 0 \ direction of the 

hnes of magnetic intensity Thus if the shell is replaced 

by its equivalent circuit the integial fgrad ^ dr, taken 

Tcrt 4^/ threading the ci.cuit 
path intersected thp ” ^ contour integral whose 

bg the ^u^ - for a path threacl- 


J^grad i dr ^ ~ fn dr = 
From this we have the relation 


4^J 


X 


H dr = 4:vJ 


( 8 . 1 ) 


which expresses the farr fKaf *u 

netic field in drivmc ° ‘he mag- 

vmg a posihve unit magnetic pole around 
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a current once is just equal to 4 t times the stxcngth of the 
current measuied in (c e m.) units Equation (8.1) is 
ftcqucntly called the first law of circulation. 

In the case of a magnetic shell the field mlensity, H, 
was the negative giadient of a single vahied potential 
function, in which case cuil H s (), This lesult depends 

on the fact that the circulation intcgial \ H dr is in- 

0 

clepGnclGnt of the path of iiitcgi atioii. If Lhc magnetic 
shell be leplaced by its equivalent ciicuit, cuil H will no 
longer be identically 7cio, H will still be the negative 
gradient of a scalar point function, but not a single valued 

point function. The cii dilation integial jn dr, is no 

longei independent of the path of intcgiation, it inci eases 
oi deci eases by 4:wJ cvciy time the path of integiatlon 
threads the cuiicnt ciicuit Thus the multiple valued 
potential due to the cuiient ciicuit is the potential due to 
the equivalent shell plus AthJ, whcic n is some positive 
or negative intcgei . 

If wc apply Stokes’ thcoiem to the left mcmbci of the 
last equation and wiitc the integial f: rula fot the cut tent 
sticngth J, equation (8.1) will take the form 

J"ciul H'Tidcf — A.w^i-ndff. 

If the contour bounding the sutfacc cr bo conti acted to 
coincide with the bounclaty of the element da, at a point 
in the condiictoi, the above i elation will still pcisist fot 
the clement, and since the oiientation of the clement is as 
arbitral y as the suiface 

rot jy = 47ri 

which is AmpSie's law. If the cuiient J had been meas- 
ured in (c. e, s.) units, then the cit dilation integral would 
have been proportional to the cuirent stiength J multi- 
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plied by iw. If we mtioduce the pi opoi tionality factor — 

c 

(8 1) will become 

lot iff ndff — ~J (8.2) 

and Ampere’s law will be given by the equation 



lot/y = 


1 

c 


(8.3) 


where the factor - then depends on the choice of units 
c 

This result is perfectly consistent, foi we aie consid- 
ering a steady cuirent in a lineai conductoi. In this case 
we have seen (Art 6) that div t is identically zexo, this, 
then, accords with the fact that the left membei of equa- 
tion (8 3) is curl H, a solenoidal vectoi whose diveigence is 
always zero If, on the othei hand, the conduction cur- 
rent is variable, the conduction cuirent is not the total 
current, and the vector i is no longer solenoidal. Equation 
(8 3) in this case would not be tenable But we have seen 
that the conduction cunent was completed by the dis- 
placement current, and that the conduction cunent and 
the displacement current together constituted the com- 
plete source free current. We thus geneiahze Ampere’s 
law and write 


curl 

c\ dt) 


(8.4) 


This equation is consistent since each member is a 
solenoidal vector, the left membei identically so and the 
right member on the assumption of the complete or total 
current being source fiee Equation (8 4) is the first funda- 
mental equation of the Maxwell theory foi stationary 
media It is the natuial generalization of Ampere’s law 
and the one Maxwell made. 

In applying this generalization to an arbitrary surface 
element, dc, we will have the work done m cairying a 
positive magnetic pole once around the boundary of the 
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element pio{DoitionaI to the total ciuient flowing through 
the element If thcie is a conduction cm rent only, thiough 
the element, equation (8 4) reduces to Ampiie’s law If 
the clement Is outside a conductor the genet ahzation 
1 educes to Amp6ie’s law applied to a displacement current 
thiough the element If the conduction cunent is steady 
the displacement cm rent thiough the suiface element out- 
side the conductor vanishes, and so also docs the woik of 
cauying a magnetic pole around the element, which agiees 
with the fact that the intensity, E, is a potential vector in 
a static electiic field. 

9. Power and the Impressed Electromotive Force. — 
To peipcLuate the motion of a mechanical system, unless 
the system is ideal, outside foices called impiessed forces 
must be applied to the system to icplacc the eneigy 
losses due to fiiction The situation is very similai in the 
case of the clcctiic cunent, foi the electiic field of the elec- 
tiic cunent is not only accompanied by a magnetic field, 
but thcic is also a dissipation of cneigy m the conductor in 
the foim of heat If we think of the mechanical interpre- 
tation of heat we sec in the diffusion of the electrons and 
theii collisions with the molecules of the conductor an 
explanation foi this ti ansfoi mation of enctgy of the electric 
cunent into unavailable heat cneigy 

In 01 del to consci ve a cunent in a concluctoi by replac- 
ing the encigy dissipated m heat and by supplying the 
eneigy used up In woik done by the electiic cunent, 
eneigy must cntci the cncult fioni an outside souice 
The power pei unit cunent oi the time rale per umt current 
with which energy enteis the current circuit ts called an im- 
pressed elect} omotive f orce. The maintenance of the current 
Is due to this elccti omotive foi ce. If the agent (the dynamo- 
voltaic cell) tiansformlng eneigy of some other kind into 
the encigy of the electiic cunent is capable of the reverse 
process of ti ansfoi ming clcctilcal into mechanical energy, 
the c m.f. is called an intrinsic e.m f This impressed 
electromotive foicc pioduces an impiessed electric intensity, 
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E, in the conductor The vector lines of the vector, E, 
are stream lines oi lines of flow. 

The work done in driving a positive electi ic charge 
through a conductor from a point P 2 to a point Pi of lower 
potential is 

W — E dr —— g^i E dr. 

Jpt Jpi 

But this IS the necessary energy supplied to do this woik» 
Thus the power per unit current oi time late per unit cur- 
rent with which energy is supplied is 

/ dt dt ^dg dg ^ 
dl 


which identifies the impressed electromotive force with the 
electromotive force as previously defined 

10, Joule^s Law, — If a steady cuiient is flowing in an 
isotropic conductor and just enough energy is supplied to 
cover the dissipation in heat, then since the energy sup- 
plied will be just equal and opposite in sense to the energy, 
J/, dissipated in heat, we may write 


1 

J dt J dl 



If we apply Ohm’s law to the light member of this 
equation we find that 


or 


im 

J dt 


(<^2 


0i) - - /i? 


dt 


J^R 


( 10 . 1 ) 


which IS the usual form for Joule’s law. This law was first 
deduced experimentally by Joule and formulated correctly 
by him,^ We may state the result as follows If a steady 
current %s flowing in an isotropic conductor the time rate of 
dissipation of energy in the form of heat in the conductor is 
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equal to the product of the resistance and the square of the 
current strength. 

The counter electromotive foice, —JR, is a passive 
e.m f in. that it has no independent existence of its own, 
it comes into being by viitiie of an impressed e m f , and 
in mechanics coi responds to a passive lesistance It is 
also non-inti insic since the dissipated energy is not capable 
of being transfoimed back into the eneigy of the electric 
current. 

To deduce the diffciential foim of Joule’s law we apply 
equation (10.1) to a volume clement, an elementary cuirent 
tube of length ds and cioss-section d<r If we use Newton’s 
fluxion notation we shall have 

dli {l-nda-y -t'=— j — 

Kd<r Kd<j 

= -i^dffds 

K 

or if we replace t by its equal kE we may write 

dll == - kEHt (10 2) 

or the time rate of dissipation pci unit volume is — kE^ 
This form of Joule’s law is applicable to eolotropic con- 
ductors and to every kind of conduction current 

11, Kirchhofi’s Second Law. — For completeness we 
should considei anothei important law due to Kirchhoff 
It states the fact that for a network of conductors, con- 
nected in series and carrying steady currents, the sum of 
the intrinsic e.m f 's in the segmental circuits is equal to 
the sum of the products of each current by the resistance 
in the circuit segment carrying the current. 

We shall suppose that the circuits are connected at 
points, 1, 2, 3 . n; we may then designate the intrinsic 

e.m f., the voltage, the current, and the resistance in the 
circuit t -k i,i, by <h\+i i, Ji+in and -Ki+i.o re- 

spectively. Thus for this circuit we shall have 

i “h <^>1+1 i — -Ki+i.o -A+i, i 
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If we sum this equation for all ciicuits of the net we shall 
get 

= Si?/ 

since 


S0 




E dr 


and the line intepal, being out potential function which is 
independent of this path of intogiation, is identically zero 

T? uu 2^*^ contour This then completes the pi oof of 
Kirchhoflf s second law 

. 1 , W Electromotive Force.—Faiaday found 

that if the lines of magnetic induction aie cut by a con- 
ductor an electric current will flow thiough the conductor, 
buch a cunent is called an tnduced current The electiic 
intensity set up in the conductor is called an induced 
electric intensity, and the conesponding clectiomotive foice 
an wi uce c-m f Since m this case eneigy is tiansfciicd 
rather than transformed the induced e m f. is non-intrinsic. 

13. Faradays Law— Paiaday’s e\peiiments led him 
to the conclusion that the induced electiomotivc foice 
necessary to drive the cunent in the circuit depended on 
the chan^ in the flux of the lines of induction through the 
circui The results obtained by Faiaday and summarized 
by him may be stated as follows 

The induced electromotive force set up m a conductor is 
equal 0 the time rate of decrease in the number of hues of 
wducitofi tliTccid/Dtg the citciuil 

The number of lints of induction tliieading the ciicuit 
IS just i^unl to the number passing through an arbitrary 

TmlJr I s' '•* But this 

number, iV, is defined by the equation 


iV 


= ndtj 


where the integral is the total flux of induction through 
the arbitrary surface having the conductor for its boundary. 
The number N, so defined, is independent of the choice of 
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the surface (t; for the flux is the same thiough evciy such 
suiface since div B is identically zeio 

Confoiming to the ideas and expcilmcnts of Faiaday 
we define the induced electiomotive foice as the time rate of 
decrease m the number of lines of induction threading the 
current circuit, oi 


dN 

dt 


-X 


dB 

dt 


nda. 


This then is the time rate pei unit cm lent with which 
energy enteis the ciicuit So if wc wiilc the vector E 
for the induced elcctiic intensity induced in the ciicuit, 
and measure this intensity in electioniagnetic units, the 
induced electromotive foicc alicady defined will also be 

given by the contoui mtegial dr, taken around the 
circuit so that 

dr 

If the intensity, E, is measuicd in elcctiostatic units, and 
the induction, B, in electioniagnetic units, we must intro- 
duce a proportionality factor, -p, and write 

c 


If we tiansform the left menibei of this equation hito 
a surface integral, by Stokes' theorem, we may write it m 
the form 

J'curl E ndff =~ (12,3) 

Since the surface <r is arbitiary, these integrals are identical, 
so that 

(12 4) 


IF ^ 

cmlE=-p~^ 
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This is the differential form of Faiaday’s law and the second 

amen al equation of the electromagnetic theory This 

equation is self-consistent since div B is identically 
z6ro* 

electrostatic field E is -grad 0, and cuil B is 
therefore identically zero But in a vaiiable electric field 
we see (12 4) that in general curl E ?£ 0. Thus the cir- 
culation integral ^E dr is different from zeio. 

That equation (12 4) holds for every surface element, 
IS a natura assumption to make, for if the induction, 
clement, the e.m f around the element 
® * erent from zero if a conductor were there, 
^/^tirrent would then flow through the conductor. 

s us assumed that Faraday's law holds for every 
surface element 

I^etermination of the Universal Constants c 
HaR a electromagnetic unit pole as 

in rn express all magnetic quantities 

Avnr ® ‘^ctromagnetic units, just as we were able to 
express all electrical quantities in electrostatic units. The 

as we shall see, are related through 

ni ion oi" the electromagnetic unit current strength. 
11 we measure all magnetic quantities in free space or 

dimensional equation for 
Tquation ^ ^ dimensional 

[m] - [F^L] = [M^L^T-^] 

since the magnitude of the repelling force, F, between two 

like magnetic poles of strength m, is ^ We are here 

using [7^ for the derived dimensional unit force, 

/ IS mlsTlT' a quantity, 

we will write it whif ®^®‘^<^>‘0”ias:netic units, 

n the latter Thus Ampere’s law (8.1), when the cur- 
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rent, J, is expressed 
in the form 


m electiostatic units, may be written 


i 


H dr 



(13 1) 


where - is the constant of piopoitionality already mtro- 
c 

duced in the diffeiential form of Ampere’s law The left 
member of equation (13.1) is work per unit pole strength, 
expressed dimensionally it is 


[FL] 

[F'^L] 


= m 


The factoi 7. = ^ m the light member is given 
at 


dimensionally by the equation 

[/J = [F'^LT-n 

[c] = ILT-'] 


so that 


or the constant c has the dimensions of velocity 

If, now, we divide equation (8 1) by (8 2) we will 

find that 

c = ^ (13 2) 

J m 2in 

Thus if an electric charge be measured in electrostatic 
units and the same charge m electromagnetic units, the 
quotient of the former by the latter will furnish the numeri- 
cal value of the constant c. This universal constant has 
been very carefully determined, its value is estimated to 
be the velocity of light in free space, 3 X 10^® cm /sec. 

If we use Faraday’s law in its integral form given by 
equation (12.2), and write it out dimensionally, we niay 
show, just as in the case of the constant c, that c also as 
the dimensions of velocity If we multiply equations (12 J 
and (12 2) by g™ and g., respectively, where g„ and g. 
represent the same chaige expressed numerically m ditter- 
ent units, the left members of the resulting equations wi 
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each be woik expressed tn eigs They aie thus equal, so 
if we subtract these two resulting equations we will find 
that 

Qm 


which identifies the constants c and c' 

The relation (13 2) is a consequence of out definition 
for electromagnetic unit cuiient This equation indicates 
the relation existing between the two sets of units. The 
velocity of light acts as a modulus foi changing quantities 
measured in electromagnetic units into electrostatic units 
14. Maxwell’s Equations. — In the picvious sections 
we deduced the electioraagnetic field equations of the 
Maxwell theory for stationary media. We found these 
equations in the form 


curl H = ^(i + 

c\ ^ dtj 

curl E = — - — 

C dt 


(14.1) 


div D — p 
div B = 0 

wherein all electric quantities are to be measiued in (c e.s ) 
units and all magnetic quantities in (c e.m ) units These 
are Maxwells equations They aie inadequate for the 
determination of the electromagnetic field at cveiy instant, 
t _ But for an isotropic medium in which a hneai i elation 
exists between the intensity of magnetization, I, and the 
magnetic intensity, H, we have the additional conditions 


D = 



B = pH 


(14 2) 


t = KE J 

where the constants «, p, and k ate to be determined 
experimentally. 
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These equations, (14 1) and (14«2), aie suitable foi the 
solution of many pioblcms, but they aie vety much 
restricted in their applicability by the assumption that 
€, /Li, and K aie numeiical constants And then in thcii 
determination Maxwell lecognizcd the fact that then 
values, determined by the use of a steady elecLiomagnctlc 
field, would not be applicable to a lapidly changing state, 
as in the case of lights 

Maxwell not only computed the value of the univeisal 
constant c, but also piedicted that light waves wcie elec- 
tromagnetic This piediction of Maxwell was confiimcd 
by Hertz m a senes of laboiatoiy expeiiments in which he 
produced electi omagnetic waves which wcie icflccted, 
ref 1 acted, and polaiized, thus showing that clccti omagnetic 
waves were tiansveise waves, and except foi a difference 
in wavelength weie analogous to light waves 

If we substitute equations (14.2) into (14.1) we obtain 
the field equations 

curl H == 

curl £ = - 5 — 
c at 

div ixH = 0, div — 0, 



the form given by Heaviside and Hertz In a medium 
where there is no conduction cuiient piesent the electro- 
magnetic field will be defined by equations (14 3) aftci 
the conduction cm lent kE is pul equal to zeio. The 
equations then assume the simpler foim 



for media where € and fx are constants 
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When we take the curl of each member of the first of 
equations (14.4) and substitute foi cuil B born the second 
we find that 


-tot rot H = 

And since div H is identically zeio, if is constant, 
rot rot H s gi ad div H — rot rot H 
so that we may write the above equation in the foi m 


A'ff = if! 

3/2* 


(14.5) 


In exactly the same way we find that the electric 
intensity, E, satisfies the same equation, or 


L'E = 

c2 3/2 


(14 6 ) 


These differential equations (14.5) and (14.6), define 
tee ectromagnetic field at all points of the media; at a 
bounding surface where e or ju or both change their values, 
the electric and magnetic intensities satisfy special bound- 
^y conditions (I, 14 1, II, 7 4 ) as we have seen before. 
These equations are also typical wave equations The x 

coordinate, £*, of the intensity E evidently satisfies the 
equation 


c2 3/2 

and the other coordinates of the vectors E and H are 
similarly defined. If we assume that E, is independent of 

the coordinates y and z, and write 1 for the constant 

the defining equation for this coordinate will be ^ 

— = L 

d*2 c2 (14.7) 

The well-known solution of this equation is 

»=4-j)+/.(( + f) (14.8) 

the functions /i and /2 being arbitrary. 
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If we considei the special solution, 

( 149 ) 

(and that this is a solution of (14.7) is easily verified by a 
direct substitution), it may be shown that this is a wave 
propagated along the axis OX in positive sense with the 
velocity of piopagation equal to a. In fact, the necessary 
and sufficient condition that the function 9, given by equa- 
tion (14.7), is a wave piopagated along the axis OX m 
positive sense, is that the quantity a is the velocity of 
piopagation along this axis in positive sense 

To show the necessity of the condition, we will write 
the oidinate at the time t = h, coi responding to the 
abscissa x = Xi; if we use a corresponding subscript in 
wiiting the oidinate we will have 

If during the time U, the wave has traveled m positive 
sense thiough the distance 8x, the tune t will be + U, and 
the new x coordinate xi Sx, so that the ordinate 03 will 
now be given by the equation 

fc -/(<.+ SI- 

But if the wave is piopagated without change of form these 
two oidinatcs, 0i and 02 , aie identical, and this is seen to be 
so if for every arbitrary tune interval 

St = ^ 
a 

or since aSt is the space, ix, passed over, the quantity a is 
the velocity of piopagation. 

To prove the sufficiency of the condition, we need only 
show that every ordinate, 6, does not change with the time, 
when the quantity a is the speed with which the correspond- 
ing abscissa increases ; the speed a is here then the velocity 
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of propagation At the instant ti, the oicUnatc (?i will be 
given in terms of its coi responding abscissa, Vi, by the 
equation 



as before If during the time it, the abcissa Xi has 
increased by Sx, we will have in genei al a new 0 defined by 
the equation 

^f(ti + 51- ) 

But since the speed a is the velocity of piopagation, 

Sn, = ait. 

This result substituted m 02 identifies it with Oi, oi cveiy 
ordinate, 6i, travels along the axis OX, in positive sense, 
with a velocity a, without change of magnitude. Thus 
the whole wave is propagated in the positive sense with 
velocity a, without change of form 
We must also legaid the equation 

as a wave propagated along the axis OX, with the velocity 
of propagation equal to —a. Equation (14.8) then icpie- 
sents two waves tiaveling in opposite senses. Should the 
wave form repeat itself peiiodically, oi, what is the same 
thing, if the function / is a pei iodic function, possibly a 
sine or cosine function, then at the point Vi of the OX axis, 
the ordinate di will repeat itself peiiodically. Physically 
we would say, at the point the electioniagnetic distuib- 
ance is a periodic distuibance or a tiain of waves A dis- 
cussion of the solution of the more general equations (14.5) 
and (14 6) will be considered in a later chapter; however, 
sufficient has been done to show that the theory pi edicts 
that electromagnetic disturbances are propagated through 

material media, with a velocity equal to In free 
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space wheic e — /x = 1, this velocity i educes to the velocity 
of light The extent to which these icsults are applicable 
will also be left to a subsequent chaptei, 

EXERCISES 

(1) Stall with the intcgial foim of Ohm*s law and show how 
the diffeicntial foiin may be deduced 

(2) Wiite out Maxwell’s equations foi free space 

(3) Show how Maxwell’s equations involve clectiostatics as 
a special case 

(4) By a diiect substiLution show that 

IS a aohilion of 

1 d^O 
d\^ ~ dl- 

(5) Discuss the fad that the equations 

Ev = a cos v(^l ~ lit = O' cosii(^l — ^ 

E, = E. = IL = //, = 0 

repiesent a polauzed plane wave Why a wave? Why a plane 
wave? Why polaiivecl? 

(6) What is the basic assumption in current electricity? 
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THE DYNAMICS OP THE ELECTRIC CURRENT 

1, D’Alembert’s Principle and the Energy Equation. — 
If wo considei a system of paiLiclcs of mass (t = 1 . »), 

instead of a single paiticle as m Chap I, Ait. 7, we will be 
led through D’Alembeit’s principle to one of the most 
fundamental theorems of mechanics, namely, Hamilton’s 
principle If P, and S, are the lesultants of the applied 
forces and the constiaining forces on the particle m,, 
lespectivcly, the equation of motion foi the paiticle may 
be written in the foim 

m, j", - P. = S, (1.1) 

D’Alembert’s insight into mechanical systems led him 
to observe that all virhial or possible displacements of the 
system (i e , those consistent with the constiaints) weie 
in general perpendicular to the constraining foiccs. Foi 
example, if a particle is constiained to move on a perfectly 
smooth fixed surface the constraining force is normal to 
the surface, and eveiy viitual displacement of the particles 
is tangential to the suiface Thus if 5r, is a viitual dis- 
placement of the particle Wi, this observation of D’Alem- 
bert’s called D'Alembert's principle, or the principle of 
virtual work, is expressed analytically for the particle by 
the equation 

S, «r. = 0. 

If we sum for the whole system of pat tides, D’Alembert’s 
piinciple takes the analytic form 

n 

r,- 5r, - Sr. = 0. (1.2) 


102 



HAMILTON’S PRINCIPLE 


103 


Thus the constiahits, S„ arc leally '' lost forces,” and 
disappcai horn the equation of viitual woik 

If we use the actual displacement, dr„ and integrate 
equation (1.2) between the limits h and t, we obtain the 
equation 

w.r. *>• (13) 

If wc intei change the signs of summation and integration 
and pel form the integiation m the left member, we will 
have the equation of kinetic cnei gy and woik in the foim 

r.2 I dr. (14) 

For a conscivative system of foices, 

T. = - glad PF. 

and if wc wiite T foi the kinetic cneigy of the system, 
following the notation of 1, Ait. 7, equation (i 3) becomes 
the cneigy equation and may be wiitten in the form 



whcic 


I’ - To == - PF + TFo 

Wr =STF. 


is tlic potential cneigy of the system, or 


T W == To Wt> = h 


a constant, Wc may observe again that the potential 
cneigy, PF, is the negative of the work done by the con- 
scivativc foiccs in an aibitraiy displacement of the 
system. 

2, Hamilton’s Principle, — ^To deduce Hamilton's prin- 
ciple wc multiply the identity 

^(rr ir.) = r, fir, + r,*fir< 

= + U Sr. 
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by m^dt, sum for all particles, and integrate between the 
limits /o and h. We find that 

2w,f, 5r.r'= r‘(8T’+ 

I tQ JtQ 

» M 


by its equal as given by equation (12) 

During the time mtcival ti — to, the pai tides tiavel 
along a set of paths from an initial to a final state; the 
vector Sr, represents a displacement of the path of the fth 
particle Now if the initial and final positions of the system 
of particles arc fixed, the displacements of the end points 
of the paths are identically zeio The aibitiary displace- 
ments 8r„ of the particles at the instants h and /i, aie 
the displacements of the end points of the paths, and since 
these displacements are zero, the left membei of the last 
equation vanishes and we have the equation 

Pesr-t-V/!’. = 0 (2.1) 

A TTf 

This is Hamilton's piinciple in its most gcneial form. 
For a conservative system of forces 

'^F, 8r. = - STF 

1-1 

so that in this case Hamilton’s piinciple has the form 



If we replace T - W hy L, called the kinetic potential or 
the Lagrangian function, the principle assumes the simpler 
form 

8 C'Ldt = 0. (2,2) 

Jit 

This principle of Hamilton may be stated as follows- 
If the mthal and final configurations of a mechanical 


where we have replaced by T and 


1-1 


8r, 

1 
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system are fixed, the time integral of the kmetic potential is 
stationary. 

Ihis bioad piinciple holds for non-conseivativc sys- 
tems also, but in this case the vauation of the kinetic 
potential must be leplaced by hT -f Sf, 6r,. 

3. Lagrange’s Equations— Out of Hamilton’s principle 
(2.2) we can easily deduce Lagrange’s equations of motion 
in geneializcd cooidinates We define a set of generalized 
cooidinatcs in the following way* If the position of a point 
is given by the numbers (g„ . . g,), then these numbeis 
arc called the gcneialized coordinates of the point. In 
this case r, will be a function of the =1 , . s). 

The kmetic cneigy of a system of n pai tides in tei ras of 
the 2/ will evidently be 


T = 
whci c 
Qn “ 


iTi 


1-1 '>-1 f A=i 



cir, fir, 
dq, dqi 


The kinetic eneigy, T, is thus seen to bo a homogeneous 
quadiatic function of the generalized veloctties or motional 
cooidinates, q„ while the coefficients Q,i, aie functions of 
the positional cooidinates q,. The potential cneigy, in 
general, will be a function of the positional cooidinates. 

We may now cxpicss Hamilton’s piinciple in generalized 
cooidinates; it becomes 



If we replace 6qi by 


we find that the intcgial 



106 


DYNAMICS OF THE ELECTRIC CURRENT 


where we have also integrated by parts But the gen- 
eralized displacement, hq„ at the instants to and ti, implies 
an arbitiary displacement of the ends of the paths, and 
since the initial and final positions of the system arc fixed, 
the actual and generalized displacements vanish, so that 
* . . . 

is identically zero Hamilton’s principle 
in generalized coordinates thus becomes 


the term ~ So, 
dq, 



dt = 0. 


(3 1) 


Since the displacements Sg, arc virtual but in geneial 
different from zero, the other factor of the integrand must 
vanish, or 


d dL dL 
dt dq, dqj 


(3.2) 


This is one of Lagrange’s equations of motion , in a holo- 
nomic system, a system m which the number of inde- 
pendent coordinates arc just equal to the number of degrees 
of freedom, there is one such equation for each coordinate. 
In the above analysis we are considering a holonomic 
system with s degrees of freedom and 5 generalized coordi- 
nates; in the case of a free system of n particles s will of 
course be 3». 

If some of the forces Fj' of the system are not con- 
servative, then Hamilton’s principle would read 


But since 



Sr,)di = 0. 



and since the 


integral 


r 

Jfo 


transform to generalized 
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cooidmates into the intcgtal alicady obtained, Lagiangc’s 
equalionb will have the foi m 


whei e 


— ~ — — n 

dt dq, dq, ~ 


Q, =- 

^ da, 




(3 3) 


The Q, so defined aie geneialized foices tending to 
change the cooidinalc qj. 

It vety fiequently happens that it is difficult to deter- 
mine whethci ceitam tcims in the kinetic potential should 
be classed as kinetic oi potential enetgy In fact, we found 
that the kinetic energy of a mateiial system is a homo- 
geneous quadiatic function of the mohonal coordinates, 
whose coefficients weie functions of the positional cooidi- 
nates. Such terms may evidently be i egarded as potential 
encigy; but if any such teim be so i egarded Its sign must 
be levcrscd, since the kinetic potential 

L^T-W 


must lomaiu unchanged. This point is strongly empha- 
sized by Livens,* and must be taken into account in a 
consistent theoiy of electiic curients as a mechanical 
system. 

4. The Electric Current as a Cyclic Mechanical System. 
We aic naUually led thiough the electron hypothesis, the 
piocess of clcctiolysis, the dischaige of electricity through 
gases and radiation in gencial to icgaid the eneigy of the 
clectiic curient as of the kinetic type. It is customary to 
liken the electiic cutient to a cyclic mechanical system 
In the cyclic systems studied by von Helmholtz, certain 
motional coordinates called cyclic cooidmates entered 
the cncigy function while the coi responding positional 
coordinates weie absent. The encigy of a belt running 
aioiind a pulley is dctei mined by the velocity of one point 


*Sce G n Livens' Treatise and Article, loc cii 
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of the belt, and this would evidently be independent of the 
positional coordinate, defining the position of the point 
on the belt 

Thus if we consider two linear ciicuits with cunent 
strengths Ji and J 2 , the kinetic energy of the system will 
be a homogeneous quadratic function of the cm rent 
strengths, or 

T = + (4.1) 

We are here intei preting the cunent sticngth as a cyclic 
velocity The coefficients Li, Mn> and Lz will depend on 
the size, shape, and position of the conductois; the factor 

— , where c is the velocity of light, is introduced for com- 
C2 

parison purposes later. 

We may also find the energy of a system of electric 
currents by replacing each current circuit by its equivalent 
shell and then drop out the local pait of the cncigy char- 
acterized by the intensity of magnetization of the mag- 
netic shell. The potential energy of the equivalent shells, 
if there is no magnetic material in the field, will be given 
by the equation (II, 9 4) 

[52 - 16ir2Jo2]dr (4.2) 

where the integral is to be extended thioughoul all space. 
If we put the intensity of magnetization, /o, equal to zero, 
we will have left the energy of the electric currents, since 
the energy of an electric current and the field energy of its 
equivalent shell are the same If we now icgard this 
energy as of the kinetic type, its sign must be reversed, 
and we have for the kinetic energy of the system of currents 

If 

This of course is magnetic energy, and whether we call it 
kinetic or potential energy is immaterial if proper regard is 
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paid to sign. Because of its association with the electric 
cm rent it is gciieially called eleclroktnekc energy If theie 
is no coiidcnsei in the ciiciiit and theiefore no capacity, 
the eneigy of the clcctiic field is negligible 

To identify this last lesiilt (4.3) with the electiokinetic 
encigy given by equation (4.1), and also to intcipret the 
quantities Li, L 2 , and M 12 , wc use the vector potential A, 
alicady intioduced and defined by equation 

B = cull A. (4.4) 

Foi two steady cuiients imbedded in the ethei B — H 
and cull B is thus every whcic /oio excepting in the current 
ciicuit, where, accoiding to Maxwell’s equations, 

cull B = — 
c 

The vcctoi B is thus to be dctci mined fiom Its vortices, 
01 the vcctoi potential ^4 is to be dctci mined fiom the 
voiticcs of the vcctoi B, This pioblcm is similar to the 
pioblcm of detci mining a scalai potential fiom the sources 
of its gradient. 

If wc substitute fiom (4.<l) into the above equation, 
wc will find that 

— cm I cull 4 = — (4.5) 

c 

The vcctoi A is somewhat aibitiaiy; It is icstricted only 
by equation (4.5). If wc impose the additional icstnction 
that div A is identically /cio, then since 

A'A~ glad div A — cuil cm I A 

equation (4.5) may bo wiittcn in the foim 

A' A = - 1^. (4.6) 

c 

A special integial of this equation may be obtained by 
breaking it up into components (22) and solving three 
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scalar equations exactly similat to (I, 112) and synthc- 
syzing, the lesult will evidently be 

We will now replace in the kinetic energy given by 
equation (4.3) by B cuil A, and transform the new inte- 
grand by means of formula (17c) 

div A X B = 5>curl A — A curl B 


This will give the equation 


T = 



div A X Bdr -H 



4 -curl Bdr 


for the electrokinetic energy 

We can evaluate the first integral by considering the 
integral taken throughout a finite region, r, bounded by a 
surface, cr, and then letting the surface <r recede to infinity 
in all directions Gauss’s theorem transforms this proper 

integral into the surface integral, A X B nd<r, taken 

over the bounding surface cr, which includes both circuits 
on its interior. From its definition (4 7) we see that the 


vector A vanishes at infinity like p; and since the vectors 

B and H are identical in free space, B vanishes at infinity 
like the gradient of a Newtonian potential function, so 

that the product, A X B, vanishes at infinity like ^ If a 


sphere be chosen as the surface a, its area will become 
infinite like r^, so that the integral in question vanishes 

like as r increases without limit.* We thus find the 
r 


* A more rigorous demonstration may be made by following the method 
used m a similar problem on magnetic field energy See Note (11, 8 ) 
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in 


eleclrokinetic cneigy expressed by the equation 
T = A cull Bdr = LJ A tdr 

1 f fi dr I'dr' 

2c0 J r • 

If we confine the tiiplc integrals in the last form to the 
lineal circuits, wheie I'l and h aie different from zero, the 
two volume integrals will reduce to two line integrals both 
taken ovei the fiist ciicuit, both over the second, one 
ovei the fiist and the othei over the second, and conversely, 
oi if we wiite cr with its appropriate subscript or superscript 
for the aiea of the cross-section of the conductors, we will 
have 

_ JJW r fa 

8rc^ J J " 

''dri dr\ , 2ai<TiJiJ2 f f drt dr^ 

Sire* j j 1 

/2V22 r CdTi dri 


''dr dr' 


8irc® 


■/P 


+ 


87rc2 


-/P 


since 


i = Jdr and i' ~ J'dr'. 


Upon identifying this result with equation (4 1) we 
find that 

'dri dn 



These coefficients evidently depend on the positional 
coordinates, namely, the size, shape and position of the 

ciicuits . 11 c J 

For the interpretation of these coefficients we will tind 

the electroldnetic energy, expressed m the form 

1 f 


A - 
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convenient We will replace idr by its equal, Jdr, as 
before, and rcstiict the integiation to the current circuits; 
the energy will evidently be given by the equation 

= ^ Tcurl A-nd<n + ^ ( ciul A'lida^ 

2cJ,^ 

when we transfoim the last line integrals by Stokes’ 
theoiem; or 

r = nd(Ti + ^ ndai 

2cJ^ 

where the surfaces <ri and <t2 are arbitiaiy surfaces, having 
the conductors 1 and 2 for boundaiies, respectively. If 
we write Ni and Nz for the total flux of induction through 
each of the two circuits, lespectively, the above result 
takes the simpler form, 

T = YyiNi + J2N2) 

If we compare this equation with equation (4.1) wo will 
see that 

Ni — —{LiJ I "h iff 12.^2) 
c 

and 

N2 = i(ilf2i/i + 1.2/2). 

c 

But ~ and — are the current strengths in (c e m.) units; 
c c 

and since Ni is the total flux of induction through circuit 1, 
we see that Li is the flux of induction due to current 1, 
per unit current through circuit 1; while M12 is the flux of 
induction due to current 2, per unit current through circuit 
1 It is thus natural to call Li, the coefficient of self- 
induction, and Jlfi2, which is identical with Af2i, the co- 
efficient of mutual induction. Similarly L2 is the coeffi- 
cient self-induction for current 2 
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It is a simple mattei to extend these icsults to n linear 
circuits It is sufficient to say that the electrokmetic 
eneigy in this case will have the form 

T = + UJH + . 


-|- M\%J\Ji “ 1 ” • •] 


where the L’s aie the coefficients of self-induction and the 
M's aie the coefficients of mutual induction. It is just 
as simple a problem to dcteimine the values of the L's and 
M's and to piove that if,, = if,,, as in the case of two 
circuits. 

S. The Magnetic Energy Due to Permanent Magnets 
and Current Circuits Combined.— In case the magnetic 
field is due both to clectiic cui rents and permanent mag- 
nets, we apply Ampfeie’s conclusions regatding the magnetic 
shell and its equivalent ciicuit In the most geneial case 
wheie permanent magnetism, induced magnetism, and 
electric cun cuts aie involved, we can icplaco each current 
circuit by its equivalent shell and icgaid the shells as per- 
manent magnets. After obtaining the total cnei gy in proper 
form we can drop out the puicly local pait due to the 
shells, thus obtaining the cneigy of the original system 

Equation (II, 9 4) is directly applicable foi this purpose 
if we replace h by h + U, where h is the intensity of 
magnetization of the equivalent shells: equation (II, 9.4) 
then becomes 


W, 


s= — ~ 167r^(/o H" fs ■+■ d" I’Hdr 


If we now replace the shells by their equivalent circuits 
the local part of the eneigy due to the shells diops out. 
This is efTcctcd by putting I. equal to zeio. We then 
have the total potential energy of the combined systems 
given by the equation 





16 t^(/o + I)^\dr -b I-Hdr, 
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ThW is identical in foiin witli ptiuation (II, 0,4), as 
niiphl helve hcon especU'd. Wo onipluisi/.od the facL that 
the otheieal oneij'y of tlio nuiguetic field, if thought f)f as 
kinetic cneigy, ib given by the ociuation 

J5“ 

aiul the kinetic enetgy density by 

6. The Dynamics of the Quasl-Stationary Current. - 
III the Mawvoll tlieoiy of conduction ciuients it is assumed 
in general that the adjust nienl of the electio magnetic field 
is HO lapid for eneigy change in the ciuieni oi ounent 
ciicuit that the state at cveiy iiiHlant may lie legaided as 
stationaiy. We will icstiict our discussion to cases cov- 
cicd by this hypothesis, or to the t>o-calIed <iuasi-Htationary 
cuucnts. This assumption IinplioH that the chaplact'ment 
cm lent is negligible in coinpaiison with the conductimi 
cLuicnt, and that the lime it takes an electiomagnctic 
distiubancc to tiavcl fiom one paiL of the field to anothci 
is vciy bhoiL — i dative to the time it takes to elTcct the 
coriesponding change in the ciiiiont oi cut lent ciicuit. 

7. A Linear Circuit with Self-Inductance. —Wc will 
fust study a single linear * ciuicnl maintained hy a con- 
stant impressed clcctiomolive foicc ii, and iiosscssing a 
self- inductance Li and a icsistaiicc R. The kinetic cncigy 
of the cun cut will be given liy the equation 

T - Li/3. 

In the interpi etation of the clecLi ic cm rent as a mechan- 
ical system the elcctioniolivc foicc must be rcgaidccl as a 
mechanical foicc. The icsislancc in the circuit produces 
a counter c.tu.f. equal in magnitude and opposite in sense 
to RJ which must be taken into account when wilting the 

* By a llnuni ciicuit we shall mean an Isotropic wire or condticloi, small 
but of dermito fiiuto cross-Bcclion, and lhat a linear relation holds between 
the cm rent density i nnd the inicnsily E. 
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differential equation of the electric cuiicnt. We also 
legal d all magnetic energy as of the kinetic type, and 
electiic energy stoied up in a condensci as potential eneigy. 


Since 


OT ^ Li j 

dJ c2 


Lagiange’s equation 
system will be 


of motion (3.3) 


dl 


^ E-RJ 


foi this mechanical 


or 


Li dJ 




E. 


This is a veiy simple lincai diffcicntial equation; it may 
be solved in vaiious ways. Its geneial solution is 


J = 


Cic -f'l "h 


E 

R 


where ci is the aibitraiy constant of integration. ^ This 
constant must be detci mined fiom the initial conditions. 
If when t is zeio, the cuiicnt, J, is zeio, then ci will be 

equal to - oi the paiticular solution heie sought is 


J == --(1 


■- e ). 


The initial conditions aio somewhat ideal; in tact, 
during the establishment of the cunent the changes aie so 
rapid that the state can not be considcied as stationaiy. 
The condition hcie implies an instantaneous establishment 
of the cunent stiength. Howevci, the duration foi this is 
so brief that the situation is handled as an impulse, i.e., 
ignored unless the impulse is a special subject of investiga- 
tion 

Another simple example, omitted hcie, winch may be 
treated in a similar manner, is the case in which the 
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impressed electromotive force is pei iodic, possibly defined 
by the equation 

E — — sin <j)i. 


This periodic e m f may be caused by the swinging of a 
magnet or by some othei device 

8 A Lmear Circuit with an Impressed E.M,F. Capacity 
and Resistance. — ^We will consider a single linear ciicuit, 
and if to the conditions imposed in the previous section we 
add the condition that there is a condensci in the ciicuit, 
then the electrokinetic cneigy of the system will remain 
unchanged. It will be given as in the previous case by 
the equation 


T = 




But the Lagrangian function, L, will now involve the poten- 
tial energy of the condenser We have alieady found that 
the mutual potential energy of a system is so the 

potential energy, W, of the condenser will be 


W 


— <l>i)pdT + 2^(02 — ^i)udcr. 


But since the electric volume density is zero, this reduces 
to the form 


W = - 



— 0l)2 


if q is the charge on the positive plate. Upon introducing 
the capacity of the condenser 


C = 


we find that 


02 “ 01 


W = ^(02 - 0l)2. 


Or if we assume the negative plate to be the position of 
zero potential, so that 0i = 0, we will have the final form 

If = ^03 
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where ^ written for <j>i is the difference of potential or the 
potential at the positive plate. The Lagrangian function 
thus takes the foim 


r _ 

2c2 




in this case. 

The impiessed force here will be the difference of 
potential between the condenser plates and the counter- 
clectiomotive foice of lesistance, RJ. Again the kinetic- 
poteiitial involves only the cyclic velocity, J, so that the 
system is defined by the single Lagrangian equation 


h.AI 

(It 


4> - RJ 


(8 1 ) 


obtained by substituting the kinetic potential in equation 
(3.3), and replacing Q by the electromotive force, </> — RJ 

Since now the capacity C = -f we may express the 

current sti ength, /, in the form 

r §1. — — r 

dt~ dt 

So if we leplace / by — C'^hi equation (8.1) we shall find 
that (f> satisfies the homogeneous differential equation 

+ + (82) 


If on the other hand we take the time derivative of each 
raembci of equation (8 1), we find that 

Li d^J _ ^ 

dt^ dt dt ’ 

and upon replacing ^ by its equal, — we obtain the 
defining equation for J in the form 
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We thus see that the current J and the potential satisfy 
one and the same diffeicntial equation 

Since equation (8.2) is lineai and homogeneous, we may 
obtain its solution by assuming that 

as in the pi cvious case. A substitution back Into equation 
(8,2) will show that this is a solution if X satisfies the 
equation 

+ CR\ + i = 0 


or 






4Li 

c^C 


2Li 2Li 

Theie are two cases to be considered, one arising when 

c^C 

and when 

4Li 


jR2 


J?2 < 




Case I* 


^ — In this case the roots of the 

c^C 


characteristic equation, which we will designate by Xi 
and X2, are both real and negative. In both cases our 
solution, in this notation ,will be given by the equation 

^ = Cie’"!' + C2e^’'. (8.2) 

And since 

,d<i> 


J C 


dt 


J - — C{c{Kie^'* + C2X2e^“‘). 


(8.3) 


The arbitrary constants of integration ci and C2 are to be 
determined from the initial conditions For these we will 
assume that when i is zero the current is zero, and the 
charge on the condenser plate is 50. If we substitute these 
conditions into equation (8.3) we find the relation 

CiXi -f" C2X2 = 0 


(8.4) 
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between the aibitiaiy constants. When we substitute 
zeio foi t in equation (8.2), \vc obtain the potential at that 
lu&tant, oi 


— Cl “b C2 

so that (.lie capacity 




go 

Cl + C2 


This IS the second condition on the aibitrary constants; 
it may be wiittc'n in the foim 

Cl + C2 = (8.5) 


When wo solve (8.4) and (8.5) for ci and C 2 we find that 


Cci 

Wc thus have 


g0^2 Cr 

X2 - Xi’ ^ X2 - Xi 


and 


B _ — 2L_(X2e’"‘ — Xie^^') 
A2 — Al 


for oui pai ticulai solutions. 

Since the loots Xi and X 2 aie each negative in this case, 
even if they aie icpcated loots, the potential, 4>, and the 
CLiircnt, J, each ap pi each zeio as the time increases This 
is the situation after the cunents have been established. 
Thoic is tiuis a giaclual discharge of the condenser and a 
dying out of the cm lent. The discharge is non-periodic, 
while the cunent is diicct 01 non-oscillatory 

Case II: Oscillatory Discharge , — If we 

c^C 

define the quantities a and h by the equations 
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then the solution of (8 2) may be written in the foim 

(f, = e““‘(ci cos bt + C 2 sin W) (8.6) 

and since 

dt 

J = Ce'‘^%cia - C 2 b) cos U + {cib + C 2 a) sin bt] (8.7) 

If we assume again that when t is zeio the current, /, 
is zero, and the charge on the condensei plate is goi and sub- 
stitute these initial conditions into equation (8 7), we shall 
find that 

bc2, — cia = 0 

Upon substituting zero for i in equation (8 6), we find the 
initial value of to be the constant Cx* The capacity of 
the condensei is thus given by the equation 


or 


Cx 



while the other integration constant 

ro - 

" “ bC 


If we substitute these values of the aibitraiy constants 
into equations (8 6) and (8.7), we shall have 

^ sin U) 

and 

j = + b^) e~"‘ sin b( 

b 


for the particulai solutions. 

The voltage and the cuireiit strength are thus seen to 
be periodic m this case, of period 
27r 4TrLi 
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then the solution of (8 2) may be wi ittcii in the foi m 
<j) — cos bt + C 2 sill bt) (8.6) 

and since 



j = C'e-“‘[(cia - C 2 b) cos bt + (cib + caa) sin bl] (8.7) 


If we assume again that when t is zcio the ciiucnt, J, 
is zero, and the charge on the condcnsci plate is qo, and sub- 
stitute these initial conditions into equation (8 7), we shall 
find that 

bc2 — cia = 0 


Upon substituting zeio foi t in equation (8 6), wc find the 
initial value of <{> to be the constant cu The capacity of 
the condensei is thus given by the equation 


or 


Cl 



while the other integiation constant 

_ «<7o 

- JC' 


If we substitute these values of the aibitiaiy constants 
into equations (8 6) and (8 7), wc shall have 

<l) — (b cos bt -h a sin bl) 

and 

J = ^(o^ + b^) e""* fsin bl 


for the particular solutions. 

The voltage and the cuiiont sticngth ate thus scon to 
be periodic in this case, of peiiod 
2t _ 47rZ<i 
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We have hcic an oscillatoiy dischaige of the condensei, 
since the amplitude decicases with the time The sense of 
the cm rent and of the potential diffeiencc are peiiodically 
level sed, in the phenomenon. 

Foi the paitiGulat case where is small and negligible, 
the peiiod becomes 


27r 

T 


27r 

-Veu 


The situation hcie will not be essentially cliff eient fiom the 
moic gencial case ticatcd. 

Another asymptotic case is obtained by putting the 
capacity equal to infinity. This condition makes b zero, 
so that the solution dcgcneiates into that obtained in the 
pievious section. 

The leason foi the clischaigc of the condensci In both 
cases ticatcd is appaient; the cunent produces a counter 
induced clectiomotive fotcc of .self-induction. In Case I, 
the icsistance is so gieat that the conclenset is dischaigcd 
without a leveisal of the cuiicnt sense. In Case II, the 
icsistance is small, and the countci e.m.f actually icveises 
the cm lent sense many times, tlicoretically an infinite 
numbci, as the amplitude appioaches zeio. 

Othci cases of interest and of the same general type aie 
cases involving a constant, or a pciiodlc, inipicssed e.m.f. 
in addition to the e.m.f. assumccl. Then foi two ciuieiits 
the kinetic potential is 

T = -h 

If the cii cults each contain a fall of potential and a leslst- 
ance (/>! and Ri foi the fiist and and Rz foi the second, 
the Lagiangian equations will be 
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Till) flisc'ussion of tlio .soliilion of (host* (‘<|Uiitit)Os will lu* 
omiLtotl. has beca stld lo indiiaU' l.hf <lyn.iini” 

(dl iak'ipiolaLion of the olnTiic (’Uiicnl, and iho m'lUMdIi 
/alion Lo casi's of mou' Ihdu two mciiits should pu'sfiiL no 
<lifiu'ulLy. 

EXERCISES 

(1) Foi a Hyslcm of fico ])ailult's is D'Ahsiilx'U'H punt iph* 
lint!? If so, of wli.U list' is ii? What is ilu' gnusal HiliMimn 
whcieia D'Alcmbcs 1 ‘h juiiuiplt* in iinpoilftnl diul UHoful? Jus! 
wluU dot's it do foi Uio t'<|ualions of nioiion? 

(2) WiilcouL lIu' baKidiiKian fimftion ant! dt’dutu die cijaa- 
Liniib of nuiliou fioni it for Ihu Hiinple tasoH. 

(ft) a body falliiiK neai dir railh's Hiiifarr; (b) n cam' of 

aiinplc haiinonir niodoa, (t) die Hiniple priiduhuii, umiiK 

die aiiRlr bcLwerii the bob anti dir vridial aa dir Ki-’iit'iah/rci 

cooidiiuUc. 

(3) WiilcouL llic bagiaiiKian funriioa aatl dir rquaiionH of 
molion for a iiaitidc lonrtiuiiiicd lo iiiovr on a peifrrily Htnoulh 
Bpheic. 

(4) Aiialys’C llir Hiiiglr linrai aiurat niainUiiiinl by a 
clccactenL inipicsRcd c.m.f., K “ <• with a Hclf-iiuUiclnucc Li 
and a lesiHlancc R, 

(5) Caiiy out die aoluLioii of dir |iiobloiii miHgratcd lowaida 
the end of Ai l. 8. 

(6) WrlLo out die Uilal cneigy dcnmly in fice Hpace for an 
elccltomaKnclic field 

(7) Just what clilTiciildcB arise when one iiicH lo wiiieoui die 
cqualions of motion of a ninglo cicclion? 

(8) Solve the ptolilem of a linear riiculL having capacity, 
resistance, and the additional decadent c.m.f , c"*’'. 



CHAPTER V 


THE ELECTRON THEORY 

1 . In. Chapter IV we left open the question of the appli- 
cability of the Mawell theory We found, howevei, in 
the case consideied, and this is the situation in general 
accoiding to the Maxwell theoiy, that electromagnetic 
disbui bailees are piopagated thiough mateiial media with 

c 

the velocity of propagation equal to If the disturb- 

ance is piopagated thiough a laie gas or if it is a slowly 
changing distuibance theic is a close agi cement between 
thcoiy and expeiiment, but foi lapidly changing elec- 
tiomagnctic distui bailees piopagated through oiduiary 
mateiial media the theoiy sciiously breaks down 

111 fact if these distui bailees aie light waves we see that, 
accoiding to the theoiy, the velocity of propagation is 
independent of the wave-length and depends only on the 
constants that chaiacteiize the medium; while experi- 
ment shows that light of diffeicnt wave-lengths is propa- 
gated through mateiial media with diffeient velocities 
'I’lieoiy also piedicts that, if a medium is brought into an 
elccLiic oi a magnetic held, the field will have no effect on 
the propagation of an electromagnetic distui bance through 
the medium. This is not at all true, as is instanced by the 
Stalk and Zeeman effects in the splitting of the spectral 
lines undei the influence of elect! ic oi magnetic fields 
The disagi cement between the Maxwell theory and 
expeiiment is due, in part, to the lestrictions imposed by 
the constants e, n, and k. The removal of the restrictions 
imposed by these constants leaves us free to speculate on 

123 
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the underlying mechanism that is the piimaiy cause of all 
electromagnetic phenomena 

The electron theoiy as developed by Laimor and 
H A. Lorentz rids the theory of these constants altogcthei , 
basing it on the atomistic stiucturc of electiicity. We 
have already seen how the election hypothesis, the assump- 
tion of ultimate nuclear chaiges, fuinishcs an explanation 
of many electric phenomena In fact this assumption is 
absolutely confirmed by the a. and /3 lays and the isolation 
and measurement of the electionic chaige. The puiposc 
of the electron theoiy is to explain all elcctiomagnctic 
phenomena by the distiibution and motion of such chaiges. 
The objects of consideiation aie these elcctiic coipusclcs 
(the protrons and elections) and the ethei. 

2. The Fundamental Equations for the Electron 
Theory. — We will adopt the Lorentz point of view and 
regard these corpuscles, whether piotion oi election, as a 
modification of the ether, ceitain points of the cthci will 
then be characterized by a density />, diffeicnt fiom zcio. 
We will assume that the coipusclc has finite dimensions, 
and that at the surface there is a transition layci wheie the 
density changes rapidly and continuously fiom zero to a 
finite value This makes the density p, which is zeto foi 
the ether, a continuous point function. For some pui poses 
we may also, if we wish, legard the coipiiscle as a point 
charge, an idea exactly similar to the mass point so useful 
in mechanics. 

We are dealing then with electric charges embedded in 
the ether Thus according to Gauss’s electiic flux thcoieni 
the density, p, of such a charge multiplied by 47 r, is the 
divergence of the electric intensity The total cuirent 
under these conditions will be a displacement curient in 
the ether and a convection current due to the motion of 
the corpuscles In fact, we have already seen how the 
conduction current might be legarded as a convection 
current due to the motion of electrons through mateiial 
media. Then Rowland’s experiments show that the con- 
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VGction cm lent pioduccs a magnetic field not different 
fiom that pioduced by the conduction curient 

Since in free Sipace the Maxwell theory agiees well 
with expel iment, wc assume that tlie Maxwell equations 
(III, 14 1) foi stcitionaiy media aie valid for the ether 
whole the pei meability, and the specific inductive 
capacity, «, aic each unity If we use the small letteis, e 
and h, foi the clcctiic and magnetic intensity, lespectively, 
foi this case, and icgaid the conduction cm rent, l, as a 
convection cm i cut, pu, these equations may be wiittcn in 
the following foim 



lot h 
lot e 


p-^dive 
0 = div h 


(2 1 ) 


These ate the fundamental field equations of the electron 
thcoiy, as deduced by H A Loientz, foi electiic corpuscles 
embedded in and moving thiough the ether However, 
the hypothesis of ultimate nuclcai cliaiges is not involved 
in this set of equations. It is an additional hypothesis 
used in completing the set of defining equations. 

3. The Conservation of Charge and the Flow of Energy. 
— ^Fiom the set of field equations (2 1), we ai e able to deduce 
two chaiacteiistic piopcities Fust, the conservation of 
clcctiic chaigo is obtained fiom the first and thiid of these 
equations. If wc take the diveigencc of each member of 
the fust equation of the set (2.1), we will have the con- 
tinuity condition 

1 d div c . „ « 

_ — h div pu = V 


as a icsult. If we replace div e by 47rp, from the third of 
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(2.1), and inlegiale IhioughouL Llio voluiiK* r, houmicrl by 
a siufacc cr, wc obtain the Ofjuation 


div pud r 


or 


- -I:'' 


(3.1) 


when wc transform the light mombci Iiy Gauss’s thooiom. 

This last equation .states the fact tliat f//e lime rate of 
decrease of electric chaige in the volume, r, fs jnst equal to 
the flu'i of eJeclricUy through the bounding sniface. EIcc- 
tiicity IS thus tiansfened fiom one logkm to anothci, but 
novel created oi dostioycd. 

The second theoicm chaiactcii7,es the flux of encigy 
thiough a siuface a-, bounding a icgion t. We obtain the 
desired result by fiist substituting the values of cuil e and 
ciul h in the identity (17c) 


div e X h =■ A'cuil e — e cuil h 


from the hist two equations of the set (2.1) This identity 
then becomes 


or 


div e X /i cs — 
div e X ft =■ " 


“(c e -H h'h) + 
c c 


1.A 

St Ot 


(ea + h^) 


pe- 


dr 

dt' 


If we integrate this last identity thioughout an arbitrary 
volume, T, wc will have the equation 


Or if we replace the vector ^ ® X A, called the Poynting 
vector or the vector radiant, by the letter s, and transform 
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tlxc right membei of the last equation by Gauss’s theorem, 
^vc obtain the equation 

( 3 . 2 ) 

foi our final foim 

This lesult, known as Poynting’s thcoiem, is easily 
iiTtei pi cted The liist integial is evidently the total field 
energy of the clecti omagnetic field situated in the region t. 
In the second integial, the factor pedr is foice. This 

factoi scalaily multiplied by ~ is woik pei unit time, oi 

the whole integial lepiesents the time late of deciease of 
t:he kinetic cncigy of the coipuscles in the volume t. We 
111 ay thus state Poynting’s thcoiem as follows 

The time rale oj deciease of energy tn the volume t is 
equal to the flux of the vector radiant through its bounding 
■surface o, oi the efflux of cncigy thiough the suiface <r is 
just equal to the flux of the vcctoi ladiant thiough this 
surface. In addition to the distiibution of elccti omagnetic 
oneigy thioiighout the ethci, we have heie then the flow 
of eneigy fiom volume clement to volume element. 

4. The Hypothesis of the Ultimate Nuclear Charge. — 
'The set of field equations (2.1), though fundamental, do 
lYot constitute a complete set of equations foi the determi- 
nation of the vcctoi s u, e, and h, and the density, p, which 
chaiacleiizcs the distiibution of chaige. If we speak in 
tcims of the cooidinatcs of the thiec vectois, wo may say 
that we have ten unknowns and but eight defining equa- 
tions; we aie thus left fiee to make some additional hypoth- 
esis governing the motion and distiibution of the chaiges. 
'This is done thiough the assumption that clcctiicity exists 
in ultimate nuclcai chaiges, and that these coipuscles or 
elemental y chaiges aie susceptible to a mechanical force. 
'This implies that the piotons and elections aie substantial 
and possess the pioperty of incitia Inhcient in ponderable 
matter. 
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Itisassimu’d th.il tiu' Idliil iiit-i lianii .il fou c of (•!(•( ho” 
nuigiK'Uc (Hiuiii acting mi .1 < (H|iii'.( l<- is iiia<li‘ up ol (wo 
c'oinponcnls. 'I'lic (u.sl of (licso coinpoiK-nis pci unii 
chaigi' is 11 k‘ clccliic field inleiisiiy, <?, or (he lone nun 
poncilLs aetmjc oil (he i-lemeiK of diaine, /w/r, is /iWr. 
The seioad ('onipoiu'iU is easily ohlaiiK-d hy identil>'iiin 
i( with llie eh‘('liu iiileiisity iiidiired in a (oiitliieloi when 
Lho conduetm i.s inovi'd thiounh a nianiu lit field, 

111 ohlainiiif* haiaday's law, as (‘xpicsscd hy <‘(|iitilion 
(III, t2.3),^ve K'n.udeil (In* < oinlin loi as li\i-d in position 
while the niauiU'fie field was made lo c hanj-e willi (he (inie. 
If wo icffaiil the (in nil as moving lliioin^h (he ma|;ne(ie 
hold, oqualion (III, t2.d) inusi he wiidmi in (he j-eiieial 
fotni 

((UiliE-m/tr -» ' I B nda (d.l) 

tA ^ 

since the dilTeiciKialioii luidoi the mlenial sign is no longer 
achnissihlo. 

Tho ilgliL nioinhot of (hia o(ina(ion is oiidenlly made up 
of two jiaitH, one, the lime lafo of (Ihinge of (lii\: llnough 
the fixed duuit diK* to (he time vaii.ilion of (he iinhudioii 
and a second eonljiihullon, (he (ime lale of i liange of lln\ 
due to tho motion of the clicuit (hiongh (he magneln field 
icgaided as slationaiy. IC(|ua(ion (l.l) may then he 
wiitton as follows 

i“'' - - !I'a *''' "//>■''* (■'■2) 

wholo by the second toim in the light memhei we mean 
the time rate of detTeaso of flux of iiiduetion (hiough the 
ciicuit due to the motion of the cmifliutm thioiigh (he 
fixed niagnetie field. 

This second Louii may lie evaluated hy coiisidei iiig tho 
total flux of induction thiougli the closed suiface composed 
of Uic initial and final positions of the sin face, 9 , at Llit' 
beginning and end of the Lime Intel val dt, logetbei with the 
cyllncliical suiface genciatcd by the conduetm dining this 
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time inteival. Since this is a closed siuface and div B is 
identically zcio, Gausses thcoicm furnishes us the fact that 
the^total flux of induction thiough this suiface is zeio. 

The flux thiough an element of the lateial surface is 
dldr \ V B For if dr is an clement of the ciicult and v 
its velocity, vdt will he the distance the element of ciicuit 
has moved, and the vectoi pioduct dtdr X v will not only 
be the aica of the elemental y patallelogiain swept out but 
It ib the outei noimal to the cylmdiical suiface. Thus 
the flux thiough the latcial suiface will be given by the 

iuLcgial X p* 5. The total flux then takes the foi m 

^ B nda — B nda + dtjdr X v B = 0 

whcic we aic using a' to denote the final position of the 
suiface cr. This last equation may be written in the form 

-i” 

thus in the limit the time late of change of (lux of mcluction 
thiough the surface it is given by the line integral 

— jfv X B>dr, taken aiound the conducting ciicuit. We 

can tiansfoim this iiitcgial by Gauss's thcoiem into the 

suiface intcgial, — J"cuil(vX B)'nd(x, then, by simply 

substituting m equation (4.2) this equation will assume the 
following foim. 

rcuil E nda = — i r ^^-ndcr 4- - T cuil (u X B) ndc. 
ejo ol cj, 

Foi a conductoi moving thiough a stationaiy magnetic 
held the fust intcgial in the light niembei vanishes, and 
we have the i elation 

J”cuil E-ndcr ~ Ij^cuil (v X B)'nd<T 
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and since the suifaco <r is iulhluuy 

(Hill E - (Hill * (y X li), 

( 

The gcncial solution of this (iillciciiiiiil ^■<|llall<^n is 

E ^ \ X B i gi.id t/) 
c 

where 4 > is an aihitiaiy s(>al.u point fiiiKdon. Ilui wlusi 
the induction is mo (he induced elei die inleusiiy is /nm; 
hence giad is identically /eio and oui holulion is sitnidy 

E^\x B 
( 

01 the intensity induced in the conduelor is peipendiinilar 
to both the magnetic field and (he diurliou of motion. 

This result and the exjieiimeidH of Rowland Justify im 
in assuming that a stieam of coipuMcles tuiveling thiough 
a magnetic field in fiec space of maKiU'tie inlensily /i, and 
with a velocity u, is acted on by a fouv cluuacteiijted by 

the intensity X h, the Induction and magnetic inteiiMity 

being identical for the cthci. The total extcinal foice, 
then, of electromagnetic oiigin, acting on an element of 
chaige, pdr, is 

/ “ /jdrfe -I- |u X /«)• (*1.3) 

In (:hc light of the olcctioslatic theory whei e like chai goa 
repel like charges with a foice following the Newtonian 
law, It would appear that, if all (he fotces acting on the 
e ement of chaigc, pdr, were of electromagnetic migln, the 
electric coipusclc would be disiuiitcd. However, we aie 
led to the assumption that the leaultant foice of electric 
integrar^*”^ electric coipusde is given by the 

E ^j'pdr^e + ~ u X A) {<1.4) 
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taken Ihioughout the volume of the corpuscle. This 
implies that all iiitcinal foiccs of electromagnetic origin 
tending to disiupt the coipusclc ate m equilibrium with 
home mechanical foiccs, and the coipusclc thus persists as 
an entity. As to the natiiic of these mechanical forces 
little may be said But if all foiccs aie of electromagnetic 
oiigin, then just how the coipusclc Is maintained in its 
cntiiety is still moic obscure 

S. The Electromagnetic Potentials.— The fundamental 
pioblem of electrodynamics is to find the distribution and 
motion of the chaigcs foi all time, having given the state 
of the clectiomagnetic field at a given instant. The field 
equations (2.1) wcie found to be inadequate for this pur- 
pose, so we aie seeking a set of equations that will do this. 
If we add to the set (2.1), the equations of motion of the 
clcctiic coipuscles, we may then legard the set as complete 
In the less gencial but veiy impoitant problem of 
finding the state of the field when the distiibution and 
motion of the chaigcs aie picsciibed, the field intensities 
ate deteiminatc and cxptcssiblc explicitly in terms of 
ceitain potential functions termed delayed potentials. 
These potential functions arc deducible directly fiom the 
field equations (2 1), and aic thus peitinent even in the 
moic geneial problem. The potentials, we shall introduce 
here, though closely i elated to the scalar and vector 
potentials used bcfoic, will be defined independently — 
without lefeicncc to those pieviously used but with regard 
to thcii applicability in detei mining the intensities e and 
h, defined by the field equations. 

The foiii th equation of the set (2.1) defines the magnetic 
intensity, h, as a solenoidal vcctoi ; it is thus the curl of a 
second vector, a, so that we may write 

/i = cuila. (5.1) 

Further restiictions will be placed on the vector a later. 
This is permissible, since all we wish is to introduce some 
auxiliary functions in teims of which the field intensities 
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may ho a\i)ioss(“(l If wi* stiliMiidnt* ilic ichuinii (.Sii 
Into the second of (2 1), we will liiul llt.il 

(iiil^e I lar^ (I. 

But this o(iiiali<tn imitlies ih.ii (he .uMUiiieiii e | ' « i , 

I 

lamcllai oi poleiUi.d \et loi, II we de'-ij-Dale tin |tiileiili,d 
by 0 we may wuite (he e(iii.i(inii 


Kind 0 


or 


e ^ ft j>i,id f/i 


Thcscalai fliand Iheveetoi a me (he imienit.d fim, lions 
icfeued to; ns soon as ihese luiii lions ,iie known (he 
intcmsitics e and h me oblain.dile ,u'eoidinj( (o (he nninnei 
indicated in equations (5.1) mid (5.2). 

Ihe fact that the vi'clots e and h also stuisfY' iht^ jn.,( 
and thud ol the set (2.1), impoM-s addhion.d K-sdiedoiis 

[«n‘’t»>ns. 'riuis i! w-e siihsiitule ftotn 
(5.2) into the thiid ttf (2.1) we w ill ha\ e 

dive «- div ' a - A0 

Wo rcstiictod the vector poieiuiul. in out piexious deal- 
lint divrt' Holenoldal xeeiot. or 


tiiv a 


4> 


(5.^1 j 


£r=£rj“,;i;:;r 


defining the scalai potential 


(5.S) 
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Wc next siihslitutc cm I a foi h fiom (S 1) into the fiist 
of (2 1) and hncl that 


— ciiil mil a = — u ~ - e 
c c 

But if we icplate -(uihuila by its equal, A'a - grad 
div Cl (20) and e Iiy -a — giad ^ fioin (S 2) this last 
cqiitiLioii will tiikc the following foiin 


A'a - glad div a = - i dirpu + t a + guad - A 

Also since the potentials aie iclated thiough equation (5.4) 
the giadients just cancel each othei and this simphhes into 
the equation 

A'a ~ a = - 47rpu. (5.6) 

0 C 


Wc thus sec that the |)otenlials aic defined by equations 
(5 S) and (5.6) in tennis of the disLiibution and motions of 
the chaiges siqiiioscd to be known and chaiacLctizecl by the 
density p and the velocity u. The clectiomagnetic field 
is then given in lei ms of these potentials thiough the 
equations (5.1) and (5 2). 

6. Electromagnetic Waves.— In the cthci wheie the 
electiic density p is /.eio, the elecLioinagnctic potentials 
defined by cciuatlons (5.5) and (5 6), lake the simplified 
foiin 


A<l> 


A'a = - , 


di^ 

1 d^a 


dl^ 


( 6 . 1 ) 


when p is placed equal to zcio in these equations. We 
shall see that these aic typical wave ecinations, so vve aic 
led lo the conclusion that all clecf lomagnctic clistui bailees 
aic propagated thiough space in the foini of waves 

Tf the chaiacLci of a disliu banco set up in the clhci and 
piopagaled in all cliicctions is independent of the direction, 
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the wave form would lx* aplu'rifal timl it liiitiiutn ihi* 
time and the disLance fioni tin- stiuici' of lln- 
If wc Ihus a&siime Lhat the poloiitials r/> and a an* fiiiti limit 
of r and t alone, equations (0. 1) may In* pul into fmms 
which aic easily solved. 'I’hese solulimis will (*\liiltii in a 
gencial way the chaiacler of eleetiomaKinnie didmh.uucs 
traveling thiough space. Wo will liute llnsi, usIuk the 
liansformalion Iheoicm (17f/) and the delmiliim fur the 
operator A, 

“ div glad <f} « div grail rj 
= 1^ div glad r + giad v ■ giad 
“ ^ glad r -h glad r ■ grad r 

But since 

« 0 

div grad r «« 

r 

and grad r is the unit vector, ^r, this last etpiession takes 
the simple form 

I 2 50 

dr'^ ^ r dr 

which may evidently be wiitten as 


1 ^V0 

r dr^ 

It will also bo quilo oviclont that 4'o will Imvo U.o lumi 

1 5Va * 

~r dr'i 


* 


a'o 


- (Aa*)t + (A«„)y .|, (A«,)A. 




t + 



J + 



j. 9V<» 
r 9r« 



liUiC Hl()MA(xNEnC WAVES 
SO that equations (6 1) i educe to 

= 1 . 

0> ^ dt'^ 

d^ra _ 1 d~ra 

di- ~ ~dP~ 

Now these equations in T(t) and as dependent vai tables 
aic identical in foiin with the wave equations alioady con- 
sideiedi so then solutions may be wiittcn down by analogy; 
we thus have 

l'<j> = (/)|^/ — -h cj,. 

la = ai(^l - -I- 02 

01 explicitly 

Ihcsc aic ill a sense the gcneial solutions, since <l> and a 
involve aibitiaiy functions of the arguments indicated. 
'Phe velocity of piopagatlon hcie is c, the velocity of light. 
The case coiusideicd in Chapter III ivlioic the velocity of 

jiiopagation is —7= could have been tieated in the same 
V (|J^ 

way. 

Foi the wave foims tiavcling oiK horn the source of 
the dislui bailee we need wiitc 
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The electromagnetic intensities obtained by substituting 
these values in equations (S 1) and (5.2) aie thus 

h = curl^ ai(^ — 

where the superscript heie used indicates the dciivativc of 
fli with respect to the aigument ^ ~ 

7. Plane Waves — The waves considcied in the last 
section were spherical in foim. If the wave fiont is far 
removed from the source of the disturbance it may be 
regarded as a plane wave We piocecd to apply the 
previous theory to this situation. 

If we regard the wave as perpendiculai to the axis OX, 
and traveling outwaid fiom the origin of cooidinatcs along 
this axis, the electrodynamic potentials will be functions 
of X and t alone. Equations (6 1) defining these potentials 
then simplify into the equations 

d^4> _ I d^<l> 

a^a _ 1 a*a 

We are thus justified in assuming that the potentials have 
the form 



for the disturbance traveling outward from the origin, the 
source of the disturbance. 
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But these two functions aic iclatcd thiough equation 
(5.4), which 1 elation in this case becomes 

dUz j. ^ /ij 2'\ 

d\ c dl 

Also 

daz _ _ ' ^ 

d\ c " c dt 

and 

_ ^ ^ (h' = 

c dt c dx 


wheic the supcisciipL is used to indicate the dciivativc 
taken with tospcct to the aigunient / - - . Thus equation 
(7.2) may be wiilten in the two diflcient fottns 

~dx dv' ~dt dt' ^ ^ 


We have for solutions of these two paitial diffeicntial 
equations 

(h = <l> -\- ('iQ) 

Oz ~ (k ~\r 


In comparing these two solutions we see that Ci and C 2 , 
functions of t and /, icfapccLivcly, aie nicie constants and 
equal. We thus have 

ttx — <l> “h Cl 

and the constant ci may he taken equal to zcio, since it 
drops out in the dotci mination of the elccliomagnclic 
intensities. 

In icctangulai cooiclinatcs the elcctioinagnetic intensi- 
ties, as defined by equations (5.1) and (5 2), take the form 


e 

ft 



(u* t “1" (tj/j "h fizk) 


^ i 
dx 


- cui 1 a ~ 


da, 

dx 


J + 


da, 

dx 


k 
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AIho hilU’C 


t , 1 ,/ (itit 

a* >» - - a\ - ,, 

c c dv 


d(tt dtj) 

3v ” dv 


acTouling to the first of ('qiialioim (7..3), the .v {•ooidiimk' 
of the vct’toi e vanishes; we thus have 

® I K «/{) 

s , (7.‘1) 

dv •' ' flv I 

If we now lake tlie axis OY, paiallel lo theveek)!-, a, 
its cooiclituite, a„ vanishes; and if we put «„ f(t ''"V 
equations (7.4) lieeome 




or in icclaiigular cooirlinalcs 

e, ra C, m //j, »5 Bj. 0 


'A‘ - •:) 
A - 3 - 


The funotton < 1 * or docs not cntci this Bolutioiii so wc may 
just as well assume tliat 

r/j KEt 0 0, 

_Wo sec from equations (7.S) that the electric and mag- 
netic vectors are equal in magnikide, mutually perpendi- 
culari and poipenclicular to the velocity of propagation. 
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Tho eloctioniagncUc intensities thus lie in the wave fiont 
Also, .since theie is no com[)()nent of thcbo intensities 
paidllel to tho velocity of piopagation, we may conclude 
that ek’C’tiomagnetic (lisLuibanccs aie piopagatccl as tians- 
voise waves. That cicctiomagnetic waves, winch include 
light waves as a siiccial instance, ate tiansveibc waves, 
used to be logaidecl as an exiieiimental fact. We must 
nol conclude' fiotn this that the electiic and magnetic 
vcoLois aie always at light angles to Otich othci and pci- 
pondicului to the' veloc'ity of piopagation. In fact, this 
is not tlu' silualion at all in the gencial case 

The ecpiations defining and thou'foic and //, aic 
all wave ocpiations The s|)ecial foimsof the function, /, 
aie numeious; foi waves of a pei iodic type wc may assume 
as a siiecial solution that or / is given by tho equation 


(h 


= — a sin u 



Then eciuations (7 5) betoine 


tv 


h. 


(( COS }l 

^ a ('OS 



(7.6) 


7 / * 

whcic ^ is the ficfiuoncy, and «, which is wiitton here for 

is the amplitude of the* vihiations This simple foim 

icprcseiits a system of plane polaii/cccl light waves if the 
ficqucncy is high enough. At the time t ti, a wave 
foim will be in the ])lane a; •= aq, and since c is the velocity 
of inopagalion, this same wave fenm will be in the plane 
X »= -b c(U, at the time / >= /i d- dl. At this instant 
theic will 1)0 a new wave fiont, a clilTcicnt e^, and a different 
h, in the plane. In fad, in this piano the olcctiomagiictic 
intensities go tluough pci iodic values laiiging from --<i to a. 
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8. Ktrchhoff’s Delayed Potentials. — In olcclioatalics wc 
weie able to obtain the elccUostatic potential a-i a solution 
of Poisson’s equation in the foim of u Newtonian potential 
function. We may obtain .solu Lions of eciuations (5.5), and 
(5 6), in a sirailai foim, by a method due to KiiehliolT. 
These solutions will be Newtonian poU'iUial functions at 
an instant, /, for the distiibution and motion of the chaigcs 

at the previous instant, t - This is a natuuil e.xpccta- 

tion, for the effects of a chaige, distant r fiom a point P, 
would be appicciated at that point aftei the lapse of the 

time interval since clecLiomagnetic distui bailees aie 

propagated in fiee space with the velocity, c, of light. 

Moie specifically, then, we wish to show that the solu- 
tion of the equations 


A0 

A'a 


1 

li!£ 

dli 


— 47r/) 
— 47r/iu 


are given by the equations 


(«.l) 



(8.2) 


where the square biackols aic hole used In tlenolo the 
electric volume density and the convection ciiiiont density 

at the instant 1 — I. Those potentials then clmiacte, iae 

we app°v G 1?' « ^hc ctiuations (8, 1), 

and a function I, “sl^^ilg tite eqI,S‘° 
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The point P, at which wo wish to dcteimiiie the potential 
4>i wc will select within a closed legioii hounded by an 
aihitiaiy suifaco cr If we now inclose the point P by a 
spheic, S, of infinitesimal ladius a, the second foini (19) 
of Gicen’b theorem foi the legion r, lying between thcsui- 
face o- and the spheie .S’, heconicb 


— ^Af/))f/r = ^ ((/> glad f giad <^) -m/tr 

■h j i<l> giad ^ — V' 0) n<l(T 


(8 4 ) 


Wc must lememlxM heie that n is the outci unit noimal at 
cvoiy point of the siufaees hounding the icgion r; foi the 
spheie ^9, then, n ib diiecteil Lowaids the ccntci. 

Tf we buhstitute the values of Ac/) and At/' obtainable 
fiom equatioiib (H. 1) and (8.3), into the left mcnibei of 
(8 4), this memhci bccomcb 



the fubt integial of whidi evpiession may evidently bo 
written in the foini 



If aftci this substitution we multiply eciuation (8.4) 
through by dl, and inlcgiatc between the aihitiaiy limits 
h and h, we will have the equation 


== jf dl {<l> giad 4' — 'P giAcl <l))-nd<r 

J 'P ~ 'P 'Tldcr, 


( 8 . 5 ) 
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When the solution ^ of equation (5.5) was ,i fmu'lioii 
of r and / alone, wo saw (6.2) that this .solution assumed a 
special form; in accoiclancc with this wc will assume that 

’I'-li'+'c) 


where F, as foimcily, is an aibituuy fimetion. Jly a 
proper selection of the aibitiaiy function F, we will be 
able to obtain oui solution ftom etiuation (8.5) 

We now impose the conditions that the function Fie), 
vanishes outside the time intcival 0 :S e ^ fi, wheie S is 
a small finite quantity, and that inside this inlet vdl, I'Xe) 
IS so large that 

jfV(€)rf6 = 1.* (8.6) 


Under these assumptions we ate able to piove the following 
useful lemma: 

Lemma. 

If, for a fixed r, -f- ^ < 0 and h — ^ > S Ihen 
0 c 

Limit , A , 

0 Jj flPy + ~^dt = _ r »=< [Xj 

(3 

The praof of this lemma depends on the fad that the 
integral jf fI^I + ^^dt is unity, and this is a consequence 
of the conditions imposed on the function Fie), For if 
we replace < + ^ by «, we will have 

C 


i =/ » CFie)de « 1 

./o 


• I. 1. «..y » c™,™, „h . ..... 

ed by the function ^ if /(«) Is defined ns unity for 0 S . s a 

and zero outside this interval* 
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the iiitegial from + - to 0 and fiom 5 to ^2 + - are zero 

c c 

since F(e) vanishes outside the interval 0 < e < 5 To 
evaluate the limit of the integial in the lemma we con- 
sidei the extreme values X' and X" of X in the inteival, 
0 6 S Tlie integial itself will lie between these 


extieme values, since the integial 


IS unity. 


Also since t langcs over the interval 5, €oi/ + - 

c 

becomes zeio with 8, so that the extieme values X'(6) and 
X"(6) of X(6) appioach one and the same value, X(0), 
with vanishing 8 We may thus write 


j!iroX’^r(( + j)* = = [Jf] 


We will now apply this lemma to the second integral in 

equation (8.5) When we leplacc f by - -h - j this 
integial may be wiitten in the form ^ ^ 


4 + 4'' “ 4 + j)* 


The function X in this case is and accoiding to the 

r 

lemma the limit of the time integial as 8 appioache.s zero 
Is and the volume integral i educes to 

This will be the left mcmbei of equation (8.5), for the first 
integral vanishes at / = and t — h, since and there- 
fore also 4r aic identically zeio outside the interval 
at 

0 < € < 8 . 

The second part of the integial ovei the surface <r, 



^ grad <t)’nd<r — 


4 


[grad ■ nda 
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since - grad <t) n plays the i61e of the function in the 
application of the lemma Also since i/ = ^ 

grad !/> = 1^ glad / r 

+ ^'"(‘ + 38 '“'’' 

and the first part of the integral ovei the siufacc cr 
M <l> grad ^ nd<r = — M p-gtadr + ^dl 

If we now integrate by paits the tunc inicgial involving 
P'(t + ^) as a factor, we will have 


" f(i + ' y . F{t + 


— grad r-n 
dl cr 


F{t + 


The first of these two integrals vanishes, since F is zeio at 
the limits ti and / 2 , while the second of these intcgials 
becomes 


^<^ 1 grad r n 
dt cr ^ 


upon the application of the lemma Also according to the 


lemma the integral 


i*r 


4 grad r • n 


Fdt becomes 


-r 


[<^] grad r n 
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SO that the complete integial over tire suiface <t takes the 
foim 


"[(j)] gi ad r n 


rr ^<^ 1 giad r n 

J '^ giad 4> n 
, r 


The integial ovei the sin face of the sphere S will assume 
the same foim as the integial ovei the suiface a The two 

integials involving ^ as a factoi and taken ovei the sphere 5 

will evidently appioach zeio when the radius of the sphere 


appioaches zeio. If we wiite [<!>'] and [<f>”] foi the cxtieine 


values of [0] on the suiface of the spheie, then the remain- 


ing integial 


Js 


C [4>]da * 
Js 


over the suiface of the sphcie will lie between and 

47r[</>"l But [(/)'] and [<^"1 approach one and the same 
value, [^j], at the point P, as the ladius a approaches zero 

Also in this case i ~ ~ - goes to zeio with the radius 

c c 

of the spheic, so that the squaie biackets have lost their 
significance and may be omitted, We thus see that the 
integial ovei the suiface of the spheic is equal to 4:Tr^{P) 

If we now choose oui suiface, <t, as a very laige sphere, 
ladius R, with center at the point P, then, by a very mild 
assumption about the function 0, we will be able to show 
that as the ladius of the spheie is made to increase without 
limit the suiface integials (8.7) vanish We will assume 
that up to a ccitain time, I, the function (j> was identically 
zeio in the infinitely icmote icgioiis of space. Then since 

in these integrals <t> is to be determined at the time f = - “ • 

* At the surface of the sphere giaclr and n arc unit vectors of opposite 
sense, so that thou scalat product is --1 
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which for a sufficiently large R is previous to the instant ii, 
the integrands of all of these mtegials arc identically zeto; 
■mus the integrals are always zero, and wc have, finally, as 
R increases without limit, 

It will be evident from this that the veciot potential 
o will have a similar form * or the elect! omagnetic poten- 
tials have the forms given in equations (8 2)4 

9. Ether Stresses and the Electromagnetic Momentum. 
— - nother idea similar to the idea expiessed by the flow 
o energy is Abraham’s electrotnagnehc woweniwn This 
IS arrived at by considering the lesultant electromagnetic 
force on a group of electric corpuscles, possibly constitut- 
mg a ponderable body in a particular electi omagnetic slate 
e resultant force on a region t, bounded by a siuface a, 
containing the corpuscles on its interioi, will be given by 
the integral 

^ ^ jp{e ^--^uXl^dT ( 9 . 1 ) 

^ By an application of the field equations (2 1), this 
integral may be put into a more significant foim We will 

replace the electric volume density p, by ~ div e, and the 

conduction current density pu, by its equal, 

|^(c curl h - e), 


' From the equation 


we see that 




y. 1 d^ax 


a* 


_j '[pnx]dr 

m ®'®‘=“'0'"aKnetio potentials are given by Schott 

in his book on "Electromagnetic Radiation ” ® ^ 
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so that oui iiitcgial may be written in the form 

F - ^ e-e - X h - h X curl h^dr 
We note fiist that 


|-(e Xh) = eXh + eXh 
at 

or 

e X h = ^ ^ + ce X curl e 

ol 


when, we leplace h by its value born the field equations 
(2.1). Also since div h is Identically zero wc may intro 
duce the additive teim (div h)h, into the integrand for 
symmetiy. If we inti oduce this teim and substitute the 
value foi e X h just obtained, we can break F up into two 
components so that 


wheic 


and 


f -|- F2 


Fi =» ^J^[(div e)e — e X curl e 

+ (div h)h ~ h X curl h)]dT 


1 L fg X Mt 

c dtjr 4ir 



sdr 


(9 2) 


To analyze the characteiistic piopcities of the pondero- 
motive foice F, acting on the elcctiomagnetic system 
inside the siu face a, wc may first considei the system to be 
in a steady state. The foicc component F 2 vanishes, 
since s is constant with time; the lesultant force is then 
the single component Fi, which may be transformed into 
the surface integral 

Fi^ ~ ([2e ne ~ e^n + 2h-nh - h^n]d<T * 

*lhi8 transfoimntJon theorem is beyond the elements of vector analysis, 
its validity may be demonstrated by transforming one component of the 
electric vector into a suifiice integral For the x component we have 
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Thus the quantity m square biackets divided by Sir is the 
stress across the suiface element da, due to the cthei out- 
side the bounding surface Foi bievity we will consider 
the stress components due to the electric intensity. We 
will adopt the usual notation X„, Z„ foi the stiess 
components paiallel to the indicated axes acioss the cle- 
ment whose normal is indicated by the index. If we 
project the resultant stress across the element on OX we 
will get 

8irX„ = 2e ncx — e® cos (nx) 

= 2e„e* — cos (nsc) 

If the element is taken normal to OX then X,, changes to 
Xx or 

SirZ, = 2e,2 - e2 

Also since 

SttTii = 2e ne„ — c® cos (ny) 


J.LU + + w - « j" - - ij/'J"' 

and by Gauss's theorem 

-i \ l(fi*x — e\ *- e%) cos (iiw) + 2exey cos (yn) -f cos (zn)]d(r 
[2e*{e, cos {xn) + Cy cos (yn) -f- cz cos (««)} — cos (xfj)]d(r 
=ij^J2exen “ e^cos (xn)]d(T 

Thus the vector form for the integrand is composed of the two component 
vectors 


and 


2en(exi + By] "h Czk) — 2e ne 
-e’ [cos (xn)i ^ cos (yn)j + cos (zn)k\ ^ - e^n 


The general transformation theorem is therefore 
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It follows that 

8irYx — cos (vy) = 26^6^ 

and 

SttZz = 2e*Ci 


Thus XxYfZx appeal as the components of the vector Tx, 
the stiess acioss the element noimal to OX In just the 
same way we may find the stiess components across ele- 
ments m the zv and xy planes, or we may permute the 
indices. Thcie will be just six of these components, since 
Yx — Xu, etc Those components define the stress at a 
point in the sense that the stress acioss every plane through 
the point may be determined m terms of the stresses across 
three mutually pci pendicular planes. This theorem is 
not difficult to believe, since we have used its converse in 
deducing the six components of stiess 
If we intioducc the cncigy density 

__ e® -f 


and include the magnetic teims, the stresses across the yz 
plane will have the foim 

tr Cx^ ”1“ hx^ Cx6y ”1“ hxhu Bx&x H~ fexftl 

Xx = w, y* . /-* 4^ 

Or the complete stiess system may be written in matrix 
form 


WXxXyXAl 

\\ex^+hx^-iv, 

^xCy-^hxhi/i 

CxC»-\-hxhi 


Cu^+hu^-W, 

CuCx-Yhuhx 


exe,+hxhx, 




wheie we have finally used (i.e.s.) units to drop out the 
47 r. This is the stress tensor, oi in our particular situa- 
tion, the elcctiomagnetie stress tensor. This tensor, first 
deduced by Maxwell, seems to play an important r6le in 
gcncial relativity theory. 
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We are not insisting on the leality of the ethci sti esses; 
but we can use the language of meciiamcs moio ficcly 
Thus, in the case consideied, the poiidei oniotive force F 
may be thought of as due to a system of ethci sti esses ovei 
the bounding surface, and m the general case we see that 
these stresses form only a part of the foice acting on the 
electromagnetic system 

Suppose next that the surface o- contains no elecLiic 
charges in its interior, then the density p s 0, and as a 
consequence = 0, or 


We thus find that there is a non-zero force acting on evci y 
volume element of the ether Or no volume element of the 
ether is in equilibrium under the stress system acting on its 
boundary. 

If now we restrict our considerations to a system of 
finite dimensions, which is always the actual situation in 
experiment, then the bounding surface o- may be any 
arbitrary surface inside of which lies the system of coipuscles. 
1 his IS true since the integrand of the integral (9 1) vanishes 
1 C entically at points of the region r, where the density p is 
zero We will now transform the volume integral (9.2) 
into a surface integral, and let the arbitrary bounding stir- 

that infinity in all directions; it will be seen 

t this surface integral or the component Fi vanishes, 
e e IS a Newtonian force intensity and vanishes at 

infinity like — , the integrand of the surface integral, 
involving the electric intensity, vanishes at infinity like 

that"^Xtdy ^Used"'^?II^“ 8)*^®th similar to 
vanishc. ,f „e mclui 

aane .s appLcabte to the euriacTtatW^al con. 



RADIATION PRESSURE 
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laining the magnetic intensity h m the integrand The 
^01 ce component f i is thus zero, and the foice F reduces to 

where the intcgiation is to include all space. 

If we wutc 

G^^KAsdr (9 4) 

where the subset ipt is to indicate as befoie that the region 
of intcgiation is entire space, then since 

F = - ^ (9 5) 

at 

the vector G has the chaiacteiistic pioperty of momentum, 
namely, its time rate of change is foi ce. It is this quantity , 
G, that 13 inferred to as the electromagnetic momentum 
The foice F is thus closely i elated to the flow of eneigy; 
in fact, the flow of eneigy in cveiy volume element con- 
tributes its part to the integial 

10. Radiation Pressure. — We shall apply the idea of 
electromagnetic momentum to the problem of ladiation 
pressure To do this we consider a souicc of light sending 
out rays in a single direction; the souicc will thus be fai 
removed, so that the light rays will be paiallcl rays. 

Suppose this ladiation enters a cylinder of light section 
(T, whose elements are parallel to the light rays. Then the 
energy that crosses a section of the cylinder is equal to the 
flux of the vector radiant s, thiough this section. To 
compute this we will assume that s at every point of the 
section may be replaced by its average value s, taken for a 
whole period ; then since the radiation is traveling with the 
speed c, the radiation crossing the section a, in the time dt, 
will evidently be 
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cdt being the altitude of the cylinclci containing the i adia- 
tion under consideration. But|G| isthisencigy multiplied 

by ~ (9.4) and 
c 

1G| - 1 15|«- - |F| 

SO we see that [slco-, the radiant eneigy per unit of lime, Is 
just equal to or 


Thus if the energy is intercepted by a black disk the pressui e 
on the disk will be given by the above equation 

For plane polarized light we may easily compute the 
average value js]. We will take the axis OX as the direc- 
tion of propagation, and e and h parallel to the OY and OZ 
axes, respectively, then (7.6) 


= a cos nit — 
h, = a cos n(i — 


and 







cl' 

X 

II 

cm . |,| 

Hence 










|51 = 

1 "ls|d/ 

_ nca^ 

1 ” cos^ n{t “ 


ca^ 

8ir 


or the pressure on the disk is 


8t 
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SPECIAL RELATIVITY AND THE ELECTRODYNAMIC 

THEORY 


11. The Michelson-Morley Experiment. — At the time 
c)t tlio h'lichclson-Moilcy expciiincnt physicists in general 
cniLeilaiiu'd the concept of a stagnant cthei which per- 
coUvU’d imdibtiuhcd thiough a moving body. These are 
added conditions on the ethei alieady defined as a medium 
ijiippoi ting the piopagation of elcctiomagnetic disturb- 
aiues. It was expected that the stagnant cthei would 
fill nish a fixed fiame of icfeience with icspcct to which the 
absolute velocity of the eaith thiough space could be 

di'tc’i mined. , . , i 

Just how the physicist ai lived at this conception of the 

ethei is a long stoi y not pei tinent heie ^ But if we hypothe- 
( ale sue h cVii ethoi we will be .dile to discuss the theory of 
till' Michelson-Moiley expciinicnt and the consequences 


wliieh followed its failuie. 

The' appal atus used in this expciinicnt consisted, in 
nail, of two eeiual aims, OA and OS, at light angles. 
Instead of consideiing the appaiaUis as moving through 
the ether we may legaid the cthoi as diifting past the 
annaiatub with the leveise velocity n of the eaith Then 
if OA is Uiineel iiauilli’l and opposite to the cthei slrcani 
it will 1)0 easy to show that it will take longci for a lay of 
light to travel fioni 0 to A and back than to go from 0 to 

B and back acioas the ether ciuicnt. 

If 0/1 ^ OB >=> a, then the time foi the tup fioni 0 to 


^ , whcic c is the velocity of light and tt the velocity 

of the eLlicr iclativc to the appaiatus; the time of the 
rowu. Uip will cvklcUy bo ok'ce the light and the 

other a.o trnvclinR in the tame clncction, or the time of 


the whole tiip is 



a 

c + w 
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In computing the time of the trip from 0 to B and 
return, the light ray must have a component velocity u, 
parallel to the motion of the cthet, so that the velocity 
along the arm is then 



•\/c2 — m2 


If we write 


(11.1) 

and 

c 

(11.2) 

where 







a quantity greater than unity, we see at once that h> h. 

When the experiment was tried the Interferometer 
exhibited no interference bands Or the experiment 
showed conclusively that h and h were equal. Thus the 
ether failed entirely to function as a fixed frame of reference. 
It would seem that the natural thing would have been to 
abandon the ether hypothesis altogether, but at this time 
the electrical theory of matter was being evolved, and the 
work of Lorentz and Larmor on the electron theory, 
which even hypothecates the electron as a modified form 
of the ether, seemed very promising Then physicists 
were addicted to the undulatory theory of light, and they 
simply had to have a medium for the transmission of 
electromagnetic waves At any rate, since the ether 
hypothesis was retained, it was left to the theorist to 
obviate the inconsistency in the theory and the result of 
the Michelson-Morley experiment. 

One way out of this dilemma was the suggestion that 
the ether might be convected along with the earth ; another 
was that the velocity of the source relative to the observer 
modified the velocity of light for the observer But the 
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suggestion of Fitsgcrald, Hint the ether percolating through 
the aim paiallel to the ether di.ft must have caused a com 
traction of the aim, was the one that survived and was 
Utilized by Lorentz. 

Thus if 05 = a and wc lake OA - according to t e 
Fitzgeiald hypothesis, then, 


h — 


2o|3 


and h 


^ 102 
C/3 


or <1 = fa, which is in accoid with 

Or, what is the same thing, if cither aim is o ^ 

when perpendicular to the ethei drift, it contracts to j 

when tonri Tranafoimalion Eguadons.— Physi- 

cists had believed tor a long time that 
is; ihp same at every point of free space and y 

tton. That the velocity of light might be the 
orerver fixed in the ether and one moving f 

?lim,Ih it as the failure of the Michelson-Morlcy experi- 
m rs e^ie?to indicate, suggests that the Maxwell ^lu- 
S nSt have the same form for two such observers. 
This was the point of view of Lorentz. 

coordinates {x', y', 2') as the space . 

For simplicity we shall ch^ 5'1s moving 

axes coincident, su j- , 

is the time 1 = 0, S observes that 

is aro,' he S hnd that the distance from the point 
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(x, y, z) to the y'z' plane will be v — tU. He also knows 
that the measuring stick used by S' in mcasuiing this 

distance is shortened in the latio of ~ accoiding to the con- 
traction hypothesis, so that x', the mcasui ement of S', 
will be /3 times too large. Thus 

x' = i3(v — ut), (12.1) 


To determine how 5 and S' measuie time, we fiist 
time a light signal over the double journey OA, The 
observer .S' moving through the ethei with the velocity u 
of the earth, and not awaie of lus motion, estimates the 

trip as 2a and the time — , but .S, who knows that the ai m 

c 


» On 

OA is in uniform motion, uses the conti acted length “ 

P 

and figures the double journey, according to (11.1), to be 

i ^ /S®. We thus find that 
pc 


t = 


( 12 . 2 ) 


or the units of time used by S' are larger than those used 
by 5 

There is another difference in their time measurements. 

The observer 5 measures the trip from O to as — r, 

/3(c - u) 

in his own units If he uses the units of S' in measuring 
the same trip he has to divide this by (8, according to 
(12.2), or 

O’ _a ,au 
— u) c * 


But S' figures the time of this trip to be thus if S', 

c ^ ^ 

located at A, wishes to set his clock with the clock of S at 
0, he will add ^ to the reading he gets to allow for the time 
It takes the signal to reach him But .S', figuring the time 
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of the tnp as - + ^ in S"s units, knows that S''s dock 
c 

has been set ^ units too slow measuied in 5'’s own units 
Thus if S' mcasuies the distance x' at the time t in his own 
units S will coiicct the time, making it I' + When 

we intioduce the coriection term ^ into (12 2) we will 
have 

( 123 ) 

If we substitute (12,3) into (12 1), we will find that 

If = ]9(v:' 4- ut') 

so that 

^ = /3(v' + «n, y = y. 2 = z', ^ = + (12.4) 


fiunishes the space time relations between the two observ- 
cis. Also, since 5’s measurements will not change if he is 
moving through the ether, (12.4) will still hold providing 
5' is moving relative to 5 with the uniform velocity «. 
This set of equations is due to Lorentz, who introduced t 

as some sort of fictitious time. 

For S to say that his clock registers a certain time which 

is simultaneous with the reflection of the 

meaning, unless 5 knows the velocity of the place ^ 

The observer at 0 figures the time of the event at A 

terms of ^ The old idea of simultaneity involved a 
time and two places, now it requires an additional knowl- 

genera. « 

point of view of Einstein may best be summarised y 

Crffla to formulate a thysical Um that the 
sJmiatL is endependeul of the choice of a coordtmte 



168 SPECIAL RELATIVITY AND ELECTRODYNAMIC THEORY 


system. Or more mathematically the statement of a 
physical law is a covariant relation 

The first fundamental postulate of special relativity 
is a special instance of the postulate of general relativity; 
it may be briefly stated as follows 

Physical laws or the eqtiations defimng them expressed 
tn one rectangular cartesian coordinate system should take the 
same form when referred to a second rectangular cartesian 
coordinate system moving uniformly relative to the first with- 
out rotation. 


This is^ really the conclusion of Lorentz and Larmor, 
while it IS just the starting-point for Einstein 

The second fundamental postulate of “ special ’’ rela- 
tivity is possibly a natural conclusion to be drawn from the 
failure of the Michelson-Morley experiment. It may be 
put into the concise form* 


The velocity of hght is the same for all observers. 

This hypothesis that the velocity of light is constant 
IS a universal law, though possibly only approximately 
true In fact we may state, parenthetically, that in gen- 
eral relativity this postulate is thrown out entirely 

This second postulate throws suspicion on the hypoth- 
eses used in the deduction of the Lorentz tiansforraation 
equations (12 4), wherein the velocity of the observer was 
added to the velocity of light However, the equations 
are correct under the special relativity hypotheses, and 
may be deduced directly from the second postulate We 
wil formulate the problem from the new point of view. 

If a point of light is moving with velocity c, and after 
tte time interval d/ its space coordinates have changed by 
dx, dy, dz, then S figures that 


ax i- ay^ U.4, — v-ui- Ucs.iJ 

infill*! * tu ' corresponding space time 

intervals for the frame S’, then 


dxf^ -h dy’^ + dz”^ = cHt”^ 
since the velocity of light is the same for both 


(13 2) 


observers 
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The pioblem now arising is a purely mathematical 
one How must the space time coordinates of the two 
frames be i elated so that (13 1) and (13.2) will hold? It 
is not difficult to analyze this problem, the essential non- 
trivial solutions are contained m the Lorentz transforma- 
tion equations. Since we alieady have the solution we 
will utilize it, then if the Lorentz transformations (12 4) 
are substituted into (13.1), equation (13.2) will be the 
immediate consequence; this furnishes an adequate veri- 
fication of the solution of the problem. 

One of the first observations of Einstein was that the 
Loicntz equations (12 4), when solved for the coordinates 
y\ 2 '. t', cxpiess the symmetrical relation 

jc' == I3(x - lU), y' = y, 2 ' = 2 ; 


which just reverses the situation of the two obseivers. 
The appears now as local time. Accordingly 5 
may assert that S is in motion with velocity that his 
meLuring lods aie shortened, and his clocks are slow. 
Each observer may make these assertions, and there is no 
way of knowing which is correct. We must now look on 
t and i' as each observer’s local time. Also it is the relative 
velocity of the two observers which plays the import 
r6le and not the percolation of a stagnant e er 

deduction of the Lorentz transformation equations from 

postulate iu no way involves the hypotas o( 

SrhasL — val^ 

motion parallel to the lengt 

“h^ser^i^olthebodyapp™^^^ 

velocity of light, 
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From the new point of view, whether geneial relativity 
or special relativity, the question of the existence of the 
ether does not arise, foi m relativity tlieoiy we strive to 
formulate physical laws in such a way that they will be 
valid for every cooidinate system. Thus lelativity theory 
furnishes us with a ciitenoii for deteimining whether a 
physical law is correctly formulated or not We proceed 
to apply this to the equations of the clectiomagnetic held. 

14 Lorentz’s Equations for Free Space Correlated 
for the Spaces S and S '. — ^We wish now to show how 
Maxwell's equations for free space aie invaiiant under the 
Lorentz transformation (12 4) Or we shall show that 
observers in the spaces S and S' will use the same form for 
the defining equations of electiomagnetic phenomena. 

In changing from the coordinates of the frame S, to 
those of frame S', two formulae which we proceed to deduce 
will be found convenient Since x and t arc functions of 
x' and I' (12 4), we may write 

<9a. dx' dx dl' dx 
and 

M ^ M ^ + 

dl dl' dl dx' dl 


But from equations (13.3) we see that 


and 


— = fl 

dx dx c 2 



dx' 

dl 


— — 


so we find that 


dx 

M 

dl 



C2 dl') 



(14 1) 
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which aie the foimulac wc wished to deduce. should 
be observed that the lelative velocity i» has leplaced the 

wiite the fiist of Maxwell’s equations for free 
space m the cooidiiiatc foim 


1 

dhi 

dhy 

c dt 

~ 

dz 

1 de„ 

dhx _ 

dh. 

c dl 

“ dz 

d\ 

1 de. 

_ djh _ 

dht 

c dt 

d\ 

dy 


(14.2) 


If we apply foimulac (14 1) to 
(14 2), and tiansposc teims, we 


the second and third of 
will easily find that 




Suppose we designate the electric and 

as measured in the fianie 5 by « ai i*.,™ the same 
We then see that, if the defining equations have the same 

form in S' that they have in S, then it follows that 


e'y - 
e', == 

W, = - I ev) 

h'v ~ c 


and 
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We easily solve these equations for h„ and h„ finding that 

h, - 


If we substitute these values foi and Jh back into the 

first of equations (14.2), and leplace by its equal, 

ot 


\ dl' dx'l 


we obtain the first of (14 2) in the foim. 



We at once conclude, for an invariant foim of Loientz’s 
equations for free space, that in addition to the relations 
already found we must have 


and 



If we substitute 
relation 


these relations together with the 

h = h'. 


into the second of Lorentz’s equations (2.1) we will find 
that it IS identically satisfied providing we impose the 
condition that div h' = 0 

Instead of doing this, which is a simple matter of direct 
substitution, we will make a table of our results and draw 
our conclusions We have first 


fix - e'*; e, = + e, = 

K = A'., A, = ^{h'^ _ 


(14.4) 
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and solving we get 

h'. = A'*; h'y = ^ e*) 1 ^ ^ "•') 


( 14 . 5 ) 


= rot ft' 
= rot e' 


while the field equations 

1 de' 
c dl' 

C dt' 
div e' = 0 
div ft' = 0 

for the fmme S' are identical in forin with those tor the 

f *s 

'Equations (14.4) and (14.5) tell us that when 

V = 0, then e = «'» 3-ud h = h , 

An observer in 5 will assert that relations (14.4) 
when the frame 5' is moving with velocity v, " 

Observer in 5' may assort that (14.5) is va hd when 5 la 
:„.v ttrHL iVip velocity —V- Also since (14.4) implies 
m's) and conversely, and since the field equations for 
ibserverl in 5 and I are identical in form, either may 
aLrt that his equations of the electromagnetic ^eld m 
?ree space are the true ones, and there is no way of know- 

ingwhid^scmrect^t^o^ When a Convection Current la 
PrPKifint— If there is a convection current density, pWj 
present,’ then the transformed equation (14.3) carries the 

additional term in its left member; it will then read 




fle', 

dy' 


de 




4tTpUa 

C 


+ 


dh 

dz‘ 


i) (IS.l) 
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while the equation 


becomes 


ciiv e = 4irp 



L §1 

dt 


<‘5.2) 


ir wc multiply (15 2) by ? and add to (IS 1), and multiply 

(15 1) by - and add to (15 2), we obtain, respectively, the 
two equations 


j = 

dive' = 47rp/3^1 - 


dh\ 

dy' 


dh’y 

dz' 


(15.3) 


an invariant form in this more general case wc 
see from these last equations that the following two equa- 
tions must hold 


- j>) = u',p' 



(15.4) 


A dlrect^pH^ that these equations are valid. 

two emiarin ^ convince us that the 

eltiate thP ^r ‘^^^Pendent When we differ- 

entiate the first and fourth of (13 3) we get 


ix' = ^{dx - vdt) 
di' ^ 



INCLUSION OF THE CONVECTION CURRENT 
while the diffeienlial quotient 

dx' „ (it 

dl' 1 _ ^ 

c'^dt 

or 

, Ux - V 


o 

If we solve this equation for Ux — v and multiply by j3/5 we 
find that . \ 

|3p(«, - v) = /3p(^l - 

which IS the fust of (15 4) piovidcd the second of (IS 4) is 
true, i.e , piovided that 

p'= 4 -t) 

We will prove in the next article that this 
true, let us assume for the present that it is valid. Then 

the term - 4ir/3p(u, - v) becomes i 47rp'«'x, while the second 
c 

equation will lead ^ 

In this case of the convection cm rent the second and 
thiid of equations (14.2) cany the additive terms 

4 


- 4rrpUg and 
c ^ 


respectively Now 


„ dy _ ^ ^ ^ = ^(l - ~)u\ 

~ dt di dt' dt \ (^ ' 

M' - ?(« - f ) 

u, “ ?(l - 


and similarly 



166 SPECIAL RELATIVITY AND ELECTRODYNAMIC THEORY 


If we now substitute these values of Uy and Ui in the addi- 
tive terms mentioned above and use the fact that p' is to 

be equal to they will be seen to i educe to 

1 1 

- 47rphi\ and - respectively. 

c c 

The field equations for the space S' in this case thus become 




i dh' . , 
— TTT = curl ® 
c 3r 


div e' = 471 p' 
div A' = 0 


and again there is no way of determining which observer 
has the true defining equations, 

16. The Invariance of Charge Hypothesis. — ^We will 
show here that, under the hypothesis that the electiic 
charge is invariant under the Lorentz transformation, 

- ^)' 

This will complete the demonstration of the previous 
article wherein the field equations in the electron theory 
were correlated for the spaces S and S', 

An observer at rest relative to a volume element 
measures the element as dm) an observer in the frame S, 
who sees the element in motion with the translatory velocity 
u, measures the same element as dr, but since the second 
observer is really moving with velocity u relative to the 
element, he must correct his measurement parallel to the 
direction of motion or 



till IN\AI<I\N(I (H t IIAUl.h II\I'OllII SIS 
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Siniilriily .tn sfciiiK «‘l«‘nu*nL in motion with 

vflcK'ilj iiUMMiu*'. l!u> flmin-iU tH dr', and roiiw'ting 
Iti-^ iniM-^uimm iil'' \\<* Itnd tli.il 



i/t-h 


'thus 



dr' 

(1 - H^)’' 


dr 

( 1 

But 




/dry (« 

'• & 

timl 



tf'-* ' 

lu'lico 

i ^ 

1 

(dr'\^ 

\dl' I 


t ^ 

fidfi - f/v'y 

> '■ 

(i . /H 

1 HU^ — dx* 


1 




r 

l‘'iimlly ihoii 



dr' 

t 


dr 

.(1-- 

) 

or 


c' / 


If then wo aBsumo tluil the* cluugc in tlic element dr' is 
the Burnt! aa Llie clmigt* in (h, or that 


then 


p'dr' ‘=» pdf 



which conipletcfl our pi oof. 
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In this deduction the iclativity hypothesis cntcis 
through a Fitzgerald coiiti action of an election oi an ele- 
ment of it. This furnishes an explanation foi the Fitz- 
gerald contraction of a pondciabic body, i.c., it is due to 
the contraction of its ultimate pai tides. 

In the analysis we have also used the fact that 

_ dy'2 „ 

or that 

^'2 _[. y '2 ^ ^'2 „ c 2//2 = -i- -j. g 2 _ 

But these are direct deductions fiom the Loientz trans- 
formation equations and picscnt no difficulty. If we 
replace id by u and td' by the last equation will become 

t:'2 + y'^ + + u'^ = .v2 -h _|. ga _{, 

or our transfoimation equations furnish us a iiasis for a 
four-dimensional vcctoi analysis of the same chaiacter in 
general as the thiee-dimcnsional analysis piesented in tlie 
introduction. If we call the left mcmbei of the last 
equation the square of the distance fi oni the oi igin to the 
point (»', y', z', u') in the fiamc S', and the light mcmbci 
the square of the distance from the oiigin to the point 
(a;, y, z, u) in the frame S, we may assort as in the basis 
for our three-dimensional vectoi analysis that distances 
are invariant under a Lorentz transfoimation, 

An event, which is always chaiacterized by a time and 
a place in this space, is a point in this foui -dimensional 
world of Minkowski, while a continuous tiain of events 
will be a “world line,” and thicc-dimcnsional kinetics 
becomes four-dimensional statics. Thus the Loi entz ti ans- 
formation correlates space and time in such a way that the 
relativity of space and time is as evident in the analysis 
as it is in fact, 

17. The Dynamics of the Electron— In this intioduc- 
tion to the electron theory we arc interested in the electro- 
magnetic field in the ether and the motion of the electric 
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coipuscles Ihiough the same mocliiim. But when we wish 
to wiite the equations of motion foi just a single election 
we entci a domain where ordinary dynamics is invalid 
For one thing the election in motion is in general acted 
on by a foice due to its own electromagnetic field; this 
fact must be taken into account in some way, To exhibit 
this situation we piocced to determine the elcctiomagnctic 
momentum of an election. 

Suppose the election is moving with a unifotm velocity 
V along the axis OX', then an observer in the fiainc S' 
moving with the velocity v i dative to S is at test i dative 
to the election To him the field of intensity is a purely 
electiostatic field, or h' will be zeio. To an observer in S 
the field will be an electiomagnetic field with intensities e 
and h diflcient fiom zero. Thus the electromagnetic 
momentum 

e — LJur - X Mr 

foi an election in motion may be computed from the 
electiostatic field in S' by using the coirdatcd values given 
in equations (144). 

Foi definiteness wc will assume that the electron at 
lest is a spheie with its chaige uniformly distributed over 
Its sill face. Wc have then for this special case 

Cg = e'i,’, Cy = ^c' Cm — Pc', 

A* = = 0; hy “ ^ ! h, — P Vy 

and there is no difficulty in finding that 

0 c c 

Foi points symmetrically located with respect to the 
zx plane e, has values which are equal but of opposite 

sign, thus the integral I taken throughout all 
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space, vanishes, and the same thinn is liu<* foi the inte- 
gral when e', icplaccs the The nionieiUiiin is ihijs 
given by the equation 


G = 




r/r' 


In oiii losult Ave have simply i (‘placed vi by its (‘(pial v, 
(It' 

and dr by its equal It must he nolc'd lli.il dr is a 

volume element in motion lelutive to the election, oi 


Also 


dr' — fidr. 


is tlic elect! ostatic eneigy of the election at lest. lienee 
^j[(eV -I- e';^)dT' - W 


so that 


where 


G = 


W'v 


^ cH 




(I7.I) 




2a 


if the chaigc is distiibuted unifoimly over the aurface of 
the election 

The total field eneigy foi the moving election, which ia 
sometimes of interest, is given by the foimula 

E - 

By substituting the coi related values for e and A it la 
easily found that 
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If the velocity of the electron Is changing slowly 
enough we may icgaid equation (17.1) as a foi inula for 
computing G at any instant as though v weie constant for 
that instant This is a case of quasi-stationai y motion. 
The approximation is valid, if cluiing a small iiitcival of 
time, including the instant in question, the change in the 
velocity during the instant may be neglected. 

Since equation 



gives the foice F, acting on the region imdei considci ation, 
we may say that if the velocity v is constant, the foicc on 
the election is zcio Oi an electron moving through the 
ethei with a unifoim velocity moves like a mateiial particle 
under no foicc But if v vaiics in direction or magnitude 

— is no longei zcio (17.1), oi the election moves under a 

foice due to its own clcctiomagnctic field 

18. Longitudinal and Transverse Mass.— If the veloc- 
ity of the election changes in magnitude and not in direc- 
tion, then as we have seen (17 1), the electromagnetic 
momentum G is no longci constant. We will have in this 

- AG\dv 

dl d\v\ dtr' 


If we wiitc m' foi then —m' ~ is the force acting on 
the electron. 


Again, if v varies in diicction only, then thcie is a con- 
stant ratio holding between |G| and |uj If we designate 
this latio by m", then 


and 


G — m‘'v 

^ = m" ^ 
dt dt 


or this foicc acting on the electron in this case is 

„dv 
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Usually m' and m" aie called the elect loniaKiuTic njas4<>s 
of the election, the formet the lonKitutlinal and the latlei 
the tiansveisc mass. Wc shall also disci immate In'twem 
the accelciatlon in the two cases considered, and wiite 

^ in the first case whcic the acceleuition is iiaudlel t<» the 

direction of motion, and in the second case wheie the 

acceleiation is transvcise to the diicction of motion. 

Since the two aic mutually pcipentliculai , wc may 
now combine these two lesiilts for the case when V vaiiies 
in both magnitude and diiection. Wo have then finally 


for the resultant foico acting on the electron. 

Thus the force on the clectionic cluuge is not given by 
the ordinary dynamical law which iircsciihes that forc<> ia 
proportional to the acceleration. ICvcn the ch'ctioniag" 
netic masses are not constants, Iiut lathei* complitaled 
functions of the velocity. In fact wc cannot in general 
pick a single function of the velocity which when initlti- 
plied by the acceleration of the eicclion will give the foico, 

A)ri!r 


IS the total force of electromagnetic origin acting on the 
electron, and if F is the resultant of all other foicos, and 
1 or convenience we assume that the electron possossoa an 


since 

or 




dvt 

It 


F 


dt 
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But the cxpeiimcnls of Kauffman and others indicate that 
the total mass of the election is clcctiomagiictic. If we 
assume this to be tiuc, and if the total foice which holds 
the election togethei and prcseives it as an entity has the 
resultant zero, then the last equation tells us that the 
electromagnetic foices and the applied foices of non- 
electromagnetlc oiigin form a system in cquilibiium. 

Also since 

G - 2 gg V 
- 3 _ gy. 

foi the Lorenlz electron, it is a simple cxci cise to show that 

and since these aie different except when v is zero the foice 

has the directions of the acceleration only when ~ or — 
is zero. 

18. The Theory of Kauffman’s Experiment. — The phys- 
ical basis for the conclusions of the last aiticle lies in the 
experiment of Kauffman. To detcimine the natiue of 
the mass of the election a stream of elections from a radio- 
active substance was passed thiough a known elccliic 
field e, peipendicular to the geneial direction of motion of 
the elections, and their dcffcctlons measured. If is taken 
as the ladius of curvatuie of the path, and v the speed of 
the electron, then from elementary mechanics it is known 

m2 

that the acceleration will be ~. But ee is the foice acting 

on the electron if we neglect its own magnetic effect, so 
that 
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If the electric field be leplaced by a magnetic field, the 

force intensity on the election will be — X A. If wo call 

c 

the radius of curvature in this case we have similatly 
ev\h\ _ 


cm 


or 


e\h\ _ ^ 


cm 

In the previous case if and e are known, is known, 

mv^ > 

also if r' and h are known — is known. From the values 

mv 

^ ^ computed. The velocities 

of the electrons were found to range Xiom .6 to .9 the 

velocity of light, while ~ decreased with the velocity. 

This decrease can be attributed only to an increase in 

mass, in fact, the decrease in ^was so marked that the 

mass m would seem to be entirely electromagnetic, which 
agrees well with the preceding article wliere the longitudinal 

vdocn^^'"^^^^ functions of tlic 

^ ^ ® outstanding results of modern physics. 

I LrThar.h"''''’ ''‘'“a'’' 

Ae Saicter 5,f ‘'ypothesia changes malerially 

aracter of particle dynamics As has been stated 

etore the most general problem of eleotrodymanice is to 

“e of rr? T" *'■" =Wes wh“n tte 

inSnf -fo S«ld « known at a given 

casenfasingireTectroVweTCrcaUeto 
m^m^lT^ TWsXt'ded’’’' 

shape of the electron, -the l^LrTrcha':;: 
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some mechanism foi maintaining it as an entity. The 
ethei which supports clcctiomagncLic phenomena also 
prevents the ciuption of the clcctioiij or the foice between 
its elements obeys a law cntiiely clifTcicnt fiom the usual 
clectiostatic law. To wiite out the equations of motion 
in the moie geneial case wheic laige numbcis of corpuscles 
aie involved would be piactically impossible; but this is a 
statistical oi an avciage value problem, and lequiies othci 
methods. In fact, the applicability of the detailed analysis 
of the election theoiy would seem at best to be veiy lim- 
ited wheie mtio-atomic foiccs ate involved though it is 
known that tlic Piiestley oi Coulomb law holds down to a 
veiy small fi action of a centimeter. In the study of the 
atom, a micioscopic analysis is avoided and only observable 
magnitudes cntei the quantum mechanical analysis of this 
important pioblcm of modem physics. 
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